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ABSTRACT
S teady  s t a t e  te m p e ra tu re  d i s t r i b u t i o n  o f  a  th i c k - w a l l e d  
c y l i n d r i c a l  p r e s s u r e  v e s s e l  s u b je c te d  to  nonaxisym m etric  th e rm a l  
boundary c o n d i t io n s  has been  o b ta in e d .  The c o r re sp o n d in g  th e rm a l  
s t r e s s e s  i n  th e  c y l in d e r  s u b je c te d  t o  t h e  above te m p e ra tu re  d i s t r i ­
b u t io n s  a r e  d e te rm in e d .  Then, th e  c re e p  r e l a x a t i o n  o f  th e  th e rm a l  
s t r e s s e s  based  on a  power c re e p  law has been  o b ta in e d .  In  c a l c u l a t i n g  
th e  c re e p  s t r e s s  r e l a x a t i o n  a g e n e r a l  s im p le  n u m e r ic a l  method i s  
p r e s e n te d .  Based on t h i s  m ethod, a  com puter program i s  w r i t t e n  
which c a l c u l a t e s  th e  c re e p  r e l a x a t i o n  o f  th e  th e rm a l  s t r e s s e s  o f  a 
th i c k - w a l l e d  c y l in d e r  s u b je c te d  to  nonaxisym m etr ic  te m p e ra tu re  




The th e o ry  o f  c re e p  in  r e c e n t  y e a r s  h a s  become an  im p o r ta n t  
c h a p te r  in  th e  h i s t o r y  o f  th e  a p p l i e d  m a th em atics  and m echanics and 
i s  a s  im p o r ta n t  a s  th e  t h e o r i e s  o f  e l a s t i c i t y  and p l a s t i c i t y  in  th e  
d e s ig n  o f  s t r u c t u r e s .  T h is  im p o r tan ce  has  been  in t r o d u c e d  by th e  i n ­
c r e a s i n g l y  l a r g e  number o f  e n g in e e r in g  a p p l i c a t i o n s  o f  m a t e r i a l s  f o r  
th e  d e s ig n  o f  p a r t s  o p e r a t in g  a t  h ig h  te m p e ra tu re s  and p r e s s u r e s  in  
such i n d u s t r i e s  a s  a e r o s p a c e ,  n u c l e a r  r e a c t o r s  and ch em ica l p l a n t s .
P h y s i c a l l y ,  when a s o l i d  i s  s u b j e c t e d  to  a f o r c e ,  th e  a tom ic  
l a t t i c e  w i l l  a d j u s t  i t s e l f  to  oppose th e  a p p l i e d  f o r c e  and m a in ta in  
e q u i l i b r iu m .  On a m acro sco p ic  s c a l e  th e  a tom ic  a d ju s tm e n t  i s  ob ­
se rv ed  a s  d e fo rm a tio n  when th e  l a t t i c e  rem ains  c o n t in u o u s .  The 
re sp o n se  o f  t h i s  d e fo rm a t io n  to  th e  a p p l i e d  s t r e s s  v a r i e s  w ith  th e  
m agnitude  and s t a t e  o f  s t r e s s ,  t e m p e r a tu r e ,  and r a t e  o f  d e fo rm a t io n .  
E l a s t i c  d e fo rm a tio n  r e s u l t s  when th e  s t r a i n  a p p e a rs  and d i s a p p e a r s  
s im u l ta n e o u s ly  w i th  th e  a p p l i c a t i o n  and rem oval o f  th e  s t r e s s .
Creep d e fo rm a tio n  r e s u l t s  when th e  body u n d e r  goes c o n t in u o u s  d e ­
fo rm a t io n  under  a c o n s t a n t  load  o r  s t r e s s .  I n  g e n e r a l ,  th e  te rm  
" c re e p "  i s  a p p l i e d  to  a t im e -d e p e n d en t  s t r e s s - s t r a i n  r e l a t i o n .
T h is  phenomena, a l th o u g h  p h y s i c a l l y  q u i t e  d i f f e r e n t ,  i s  ob serv ed  
in  v a r io u s  ty p e s  o f  m a t e r i a l s  such  a s  m e ta l s ,  p l a s t i c s ,  c o n c r e te ,  
ro ck s  and i c e .  The im portance  o f  c re e p  d e fo rm a tio n  in  e n g in e e r in g  
problems a p p e a r s ,  in  p a r t i c u l a r  a t  h ig h  te m p e ra tu re  c o n d i t i o n s .  For 
exam ple, th e  b e h a v io r  o f  c a rb o n  s t e e l  a t  norm al te m p e ra tu re s  and 
m odera te  s t r e s s e s  i s  w e l l  d e s c r ib e d  by th e  th e o ry  o f  e l a s t i c i t y ,
1
b u t  i t  behaves  q u i t e  d i f f e r e n t l y  a t  a  te m p e ra tu re  above 850°F. At 
t h i s  te m p e ra tu re  th e  s t e e l  c e a s e s  to  obey H ook 's  Law, even  a t  low 
s t r e s s ,  and i t s  s t r e s s - s t r a i n  cu rv e  i s  e s s e n t i a l l y  dependen t on 
th e  r a t e  o f  d e fo rm a t io n .  F o r  t h i s  r e a s o n  th e  s t r e s s - s t r a i n  cu rve  
w hich forms th e  b a s i s  o f  th e  th e o r y  o f  p l a s t i c i t y  can n o t  be used  
in  c re e p  prob lem s.
In  th e  l a s t  decade c o n s id e r a b le  r e s e a r c h  has  been  perform ed  in  
th e  a r e a  o f  p l a s t i c i t y . . . t h e  i r r e v e r s i b l e  d e fo rm a tio n  o f  s o l i d s .
I t  h a s  b een  shown t h a t  s o l i d  d e fo rm a t io n s ,  to  th e  f i r s t  d eg ree  o f  
a p p ro x im a t io n ,  a t  m odera te  t e m p e r a tu r e s ,  depend on th e  m agnitude  
and th e  o r d e r  o f  a p p l i c a t i o n  o f  th e  a c t i n g  f o r c e s  and a r e  n o t  a 
fu n c t io n  o f  t im e .  However, th e  tim e p a ra m e te r  i s  n o t  c o m p le te ly  
ig n o re d  s i n c e ,  to  some e x t e n t ,  th e  h i s t o r y  o f  lo a d in g  i s  s i g n i f i c a n t  
i n  th e  th e o ry  o f  p l a s t i c i t y  an d , t h e r e f o r e ,  th e  co n cep t  o f  " lo a d  
p a th "  o r  " lo a d in g  h i s t o r y "  has  been in t ro d u c e d  i n  th e  th e o r y .
The th e o r y  o f  c re e p  has  been  e x t e n s i v e l y  in c lu d e d  i n  th e  th e o ry  
o f  p l a s t i c i t y  becau se  th e  t h e o r i e s  o f  c re e p  were developed  in  
c lo s e  r e l a t i o n s h i p  w i th  th e  th e o r y  o f  p l a s t i c i t y ,  b o th  s u b j e c t s  
h av in g  many fundam en ta l  c o n c e p ts  i n  common. I n  o t h e r  w ords , w h ile  
t h e r e  a r e  s t i l l  fundam en ta l  d i f f e r e n c e s  in  th e  p h y s i c a l  phenomena 
o f  c re e p  and p l a s t i c i t y ,  th e  m a th e m a t ic a l  t r e a tm e n t s  o f  th e  p ro ­
blems in v o lv in g  c re e p  in  s t r u c t u r e s  a r e  th e  same a s  th o s e  i n  th e  
th e o r y  o f  p l a s t i c i t y .  M a th e m a t ic a l ly ,  th e  main d i f f e r e n c e  i s  t h a t  
th e  s t r e s s - s t r a i n  r e l a t i o n  i s  t im e -d e p e n d en t  i n  th e  th e o ry  o f  
c re e p  and t im e - in d e p e n d e n t  i n  th e  th e o ry  o f  p l a s t i c i t y .
H i s t o r i c a l l y ,  th e  im portance  o f  c re e p  was f i r s t  n o t i c e d  i n  th e  
developm ent and d e s ig n  o f  t u r b i n e s  where th e  h ig h  te m p e ra tu re
env ironm ent in c r e a s e s  th e  r a t e  o f  c re e p  o f  th e  tu r b i n e  d i s k  and 
b la d e s  and , t h e r e f o r e ,  a f f e c t s  th e  sm a ll  c l e a r a n c e  betw een the  
b la d e s  t i p  and the  h o u s in g .  T h e r e f o r e ,  t h e r e  was a d i r e c t  need 
to  assess th e  a b i l i t y  o f  m a t e r i a l s  t o  r e s i s t  c r e e p ,  and c re e p  t e s t s  
were w id e ly  used  f o r  t h i s  p u rp o se .  F u r th e rm o re ,  th e  s tu d y  o f  
c re e p  was d iv id e d  i n t o  two b ra n c h e s ,  th e  m e t a l l u r g i c a l  a s p e c t s  o f  
th e  c re e p  o f  m a t e r i a l s  and th e  m a th e m a t ic a l  th e o r y  o f  c re e p  p rob lem s.
M e t a l l u r g i c a l l y  t h e r e  have been  e x te n s iv e  developm ents  in  the  
d e te r m in a t io n  o f  th e  s t r e s s - c r e e p  r a t e  r e l a t i o n s  f o r  d i f f e r e n t  
m a t e r i a l s  a t  d i f f e r e n t  te m p e ra tu re  r a n g e s .  I n  g e n e r a l ,  c re e p  o f  
m a t e r i a l s  i s  a f u n c t io n  o f  th e  a p p l i e d  s t r e s s ,  t e m p e r a tu r e ,  time 
and some s t r u c t u r a l  c h a r a c t e r i s t i c s .  F u r th e rm o re ,  t h r e e  p e r io d s  
o f  tim e a re  o b se rv e d ,  d u r in g  w hich th e  c re e p  r a t e  i s  s e q u e n t i a l l y  
d e c r e a s in g ,  rem a in in g  e s s e n t i a l l y  c o n s t a n t ,  and i n c r e a s i n g .  These 
a r e  o f t e n  c a l l e d  th e  p e r io d s  o f  p r im a ry ,  seco n d a ry  and f e r t i a r y  
c r e e p .  The p rim ary  s t a g e  o f  c r e e p ,  w hich b e g in s  im m ed ia te ly  a f t e r  
a p p l i c a t i o n  o f  th e  lo a d ,  i s  u s u a l l y  v e ry  s h o r t  in  d u r a t io n  b u t  
th e  r a t e  o f  c re e p  i s  h ig h .  The amount o f  s t r a i n  d ev e lo p ed  d u r in g  
th e  seco n d a ry  c re e p  p e r io d  i s  l a r g e  compared w i th  th e  p r im ary  c re e p  
p e r io d .  At t h i s  s ta g e  th e  c r e e p  c u rv e s  a r e  u s u a l l y  ap p ro x im a ted  
by a s t r a i g h t  l i n e .  The t e r t i a r y  s t a g e  o f  c re e p  fo l lo w s  th e  sec o n ­
d a ry  p e r io d  and i s  c h a r a c t e r i z e d  by a  r a t h e r  r a p id  in c r e a s e  in  the  
c re e p  which e v e n t u a l l y  c au se s  r u p tu r e  in  th e  m a t e r i a l .  These th r e e  
p e r io d s  o f  c re e p  a r e  shown i n  F ig u r e l - 1 .  A l l  o f  th e s e  t h r e e  s t a g e s  
o f  c re e p  can be m a th e m a t ic a l ly  d e s c r ib e d  w i th  th e  c o n s t i t u t i v e  
e q u a t io n  o f  c r e e p .  The pu rpose  o f  th e  c o n s t i t u t i v e  e q u a t io n  i s  to  









Primary Secondary T e r t i a r y
tim e
F ig u re  1-1* C reep S t r e s s  v s .  Time
s t r u c t u r e  s u b j e c t  to  c r e e p ,  where the  in te n d e d  l i f e t i m e  o f  the  
s t r u c t u r e  i s  o f  p a r t i c u l a r  im p o r tan ce .  In  C hapter  I I  the  c o n s t i t u ­
t i v e  e q u a t io n s  o f  th e  c re e p  a r e  d i s c u s s e d  in  d e t a i l .
M a th e m a t ic a l ly ,  th e  th e o ry  o f  c re e p  has been  b a s i c a l l y  d e r iv e d  
from th e  th e o r y  o f  p l a s t i c i t y ,  and th e  c re e p  problem s a r e  more or le s  
t r e a t e d  a s  th e  p l a s t i c i t y  p rob lem s. A v e ry  b road  work i n  t h i s  a r e a  
was done by A. Nadai in  1931 [ l ] , where he p roposed  a g e n e r a l  
th e o ry  o f  c re e p  o f  m e ta ls  a t  e l e v a te d  te m p e ra tu re s  and o b ta in e d  
th e  c o n s t i t u t i v e  e q u a t io n s  f o r  c r e e p .  He a p p l ie d  th e  th e o ry  to  a 
few p r a c t i c a l  problem s such  as th e  c re e p  o f  r o t a t i n g  d i s k s  and th i c k -  
w a l le d  c y l i n d e r s .  I n  1936 [ 2 ]  th e  same a u th o r  p re s e n te d  a few 
s im p le  c a s e s  o f  th e  i n e l a s t i c  d e fo rm a t io n  in  s o l i d s  w i th  p a r t i c u l a r  
r e f e r e n c e  to  th e  c re e p  o f  m e ta ls  in  th e  s t r a i n - h a r d e n i n g  r a n g e .  In  
t h i s  p a p e r ,  m e re ly ,  th e  c o n s t i t u t i v e  e q u a t io n s  o f  c re e p  a re  d is c u s s e d  
In  th e  same y e a r  B a i le y  [3 ]  d i s c u s s e d  th e  d e s ig n  a s p e c t  o f  c re ep  
and p roposed  th e  e x p r e s s io n s  fo r  c re e p  under th e  g e n e r a l  system  of 
s t r e s s .  C. R. Soderberg  [4 ]  in  1937 p u b l i s h e d  a t r e a t i s e  i n  which 
he p r e s e n te d  a  method o f  i n t e r p r e t i n g  c r e e p - t e s t  d a t a  and a p p l ie d  
th e  method to  s e v e r a l  problem s o f  machine d e s ig n .  The method in ­
v o lv e s  a r a t i o n a l  th e o ry  o f  p l a s t i c  flow in  p o l y c r y s t a l l i n e  m a t e r i a l s  
to  which e m p i r i c a l  r e s u l t s  from a c t u a l  t e s t s  can  be a p p l i e d .  The 
b a s i c  a ssu m p tio n  in  t h i s  p roposed  method i s  t h a t  th e  f a c t s  a l r e a d y  
e s t a b l i s h e d  f o r  p l a s t i c  flow  a t  normal te m p e ra tu re s  rem a in  v a l i d  
f o r  h ig h e r  te m p e ra tu re s  as w e l l .  L a t e r ,  A. M. Wahl, [ 5 , 6 , 7 ]  an a ly zed  
th e  c re e p  d e fo rm a tio n s  in  r o t a t i n g  d i s k s  based  on th e  T re sc a  
c r i t e r i o n  and th e  a s s o c i a t e d  flow  r u l e .  The a n a l y t i c a l  r e s u l t s  com­
p a red  w e l l  w ith  e x p e r im e n ta l  d a t a .  In  1957 C. D. Weir and e t  a l  [8 ]
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d e r iv e d  th e  e q u a t io n  o f  c re e p  s t r e s s e s  in  a th i c k - w a l l e d  tube under 
i n t e r n a l  p r e s s u r e .  A more com ple te  t r e a tm e n t  o f  th e  c re ep  th e o ry  
can  be a t t r i b u t e d  to  I .  F in n ie  and W. R. H e l l e r  [9 ]  where bo th  
m e t a l l u r g i c a l  and m a th em atica l  a s p e c t s  o f  c re e p  a re  d i s c u s s e d .  In  
1959, A. Mendelson e t .  a l  [1 0 ]  p roposed  a g e n e r a l  approach  to  th e  
p r a c t i c a l  s o l u t i o n  o f  c re e p  p rob lem s . In  t h e  same y e a r  F . P . J .
R im ro t t  [ l l ]  o b ta in e d  th e  s o l u t i o n  o f  c re e p  i n  th ic k - w a l l e d  tu b es  
under i n t e r n a l  p r e s s u r e  c o n s id e r in g  l a r g e  s t r a i n .  L a t e r ,  i n  1965,
S. T a i r a  e t  a l  [12 ]  d is c u s s e d  b o th  von M ises and T r e s c a  c r i t e r i a  
and t h e i r  a s s o c i a t e d  flow  r u l e s  to  th e  c re e p  o f  c y l i n d e r s .
N. S. B ha tnaga r  and S. K. Gupta [1 3 ]  an a ly z e d  th e  t h i c k  w a l led  o r th o ­
t r o p i c  c y l i n d e r  u s in g  th e  c o n s t i t u t i v e  e q u a t io n s  o f  a n i s o t r o p i c  
c re ep  th e o ry .  R e c e n t ly ,  M. S abbagh ian  [1 4 ]  a p p l ie d  th e  c re e p  p r i n c i p l e s  
to  th e  optimum d e s ig n  o f  th e  m u l t i l a y e r e d - s h r i n k  f i t t e d  c y l i n d r i c a l  
p r e s s u r e  v e s s e l s .
T here  a r e  a l s o  some n u m e r ic a l  t e c h n iq u e s  which d e a l  w ith  th e  
c re e p  problem s as  a s p e c i a l  : a s e  o f  n o n l in e a r  e l a s t i c i t y .  Perhaps  
th e  most p o w erfu l  te c h n iq u e  i s  th e  f i n i t e  e lem en t method w hich , 
i n  th e  r e c e n t  y e a r s ,  w ith  th e  a id  o f  th e  h ig h  speed e l e c t r o n i c  
co m p u te rs ,  has been e x t e n s i v e l y  d e v e lo p e d .  For an i n t r o d u c t i o n  to  
t h i s  method one may r e f e r  to  0 . C. Z ien k ie w ic z  [15] and E. S. W ilson [1 6 ] .  
O ther r e f e r e n c e s  in  t h i s  a r e a  in c lu d e  works by W. H. S u th e r la n d  [ 1 7 ] ,
W. C. P a u ls e n  [ 1 8 ] ,  S. Chacoup [1 9 ]  and H. M. Minami, J r .  and 
G. 0. R o b e r ts  [ 2 0 ] .
As a  g e n e r a l  r e f e r e n c e ,  J .  A. H. H u l t  [ 2 1 ] ,  F.K.G. O dqvis t [ 2 2 ] ,
Y. N. Rabotnov [2 3 ]  and v e ry  r e c e n t l y  A. J .  Smith and A. M. N ic o lso n  [24] 
can  be m entioned . The th e o ry  o f  c re e p  has been  w e l l  e s t a b l i s h e d
and d i s c u s s e d  in  th e se  r e f e r e n c e s  and many p r a c t i c a l  problem s in  
s t r u c t u r a l  m echanics a r e  worked o u t .
The p u rpose  o f  t h i s  d i s s e r t a t i o n  i s  to  p r e s e n t  a g e n e r a l ,  s im p le ,  
n u m erica l  method to  f in d  th e  c re e p  s t r e s s  r e l a x a t i o n  o f  a  s t r u c t u r e .
In  p a r t i c u l a r ,  t h i c k  w a l le d  c y l i n d e r s  s u b je c te d  to  th e rm a l  s t r e s s e s  
due to  a g e n e r a l  nonuniform  te m p e ra tu re  f i e l d .  C a l c u la t i o n s  a re  
done f o r  c y l i n d e r s  w i th  and w i th o u t  th e  i n s i d e  p r e s s u r e  w h i le  th e
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m a t e r i a l ' s  c re e p  p r o p e r ty  i n  th e  c o n s t i t u t i v e  e q u a t io n  i s  assumed 
to  be ( i )  te m p e ra tu re  in d e p en d e n t  and ( i i )  te m p e ra tu re  d ep en d e n t .
T h is  method has been used  by M. Sabbaghian  and M. R. E s lam i [2 5 ]  to  
o b t a in  th e  ax isym m etr ic  c re e p  s t r e s s  r e l a x a t i o n  o f  a th i c k - w a l l e d  
c y l in d e r  s u b je c te d  to  a th e rm a l  g r a d i e n t  which* i s  a f u n c t io n  o f  
r a d i u s  o n ly .
CHAPTER I I  
BASIC EQUATIONS
In  t h i s  c h a p te r  th e  g e n e r a l  e q u a t io n s  o f  t h e r m o e l a s t i c i t y  and 
c re e p  a r e  d i s c u s s e d .  The s t r e s s - s t r a i n  r e l a t i o n ,  e q u i l i b r iu m  and 
c o m p a t i b i l i t y  e q u a t io n s  i n  p o l a r  c o o r d in a te  a r e  i n d i c a t e d  and th e  
c o n c e p ts  o f  th e  s t r e s s  f u n c t io n  and d isp la c e m e n t  p o t e n t i a l  a re  
d e s c r ib e d .
A lso  th e  c o n s t i t u t i v e  r e l a t i o n s  f o r  c re e p  and s t r e s s  r e l a x a t i o n  
i s  b ased  on th e  d i f f e r e n t  e x p e r im e n ta l  r e s u l t s  and a r e  b r i e f l y  
exam ined .
T h e rm o e la s t ic  S t r e s s - S t r a i n  R e la t io n s
The t o t a l  s t r a i n s  a t  any p o in t  in  a h e a te d  body i s  made up 
o f  two p a r t s ,  e l a s t i c  and th e rm a l  s t r a i n s .  The g e n e r a l  r e l a t i o n s h i p  
betw een th e s e  s t r a i n s  and th e  s t r e s s e s  in  c y l i n d r i c a l  c o o r d in a te  
a r e  g iv e n  [26]* a s  fo l lo w s :
-
eQ = E + aT
ez = I  [<v v (W J + aT ( 2 - 1)
e = 2X.1+V1 T 
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E 9z
In  th e  c a se  o f  long  c y l i n d e r s ,  w hich  a r e  th e  s u b j e c t  o f
d i s c u s s io n  o f  t h i s  d i s s e r t a t i o n ,  p l a i n  s t r a i n  c o n d i t io n s  e x i s t .
S o lv in g  Equations (2 -1 )  f o r  s t r e s s  one would o b t a i n  f o r  th e  case
o f  e = 0  z
° r  = ( l + v ) ( l - 2 v)  + v e0 -(l+v)QfT>]
CT0 = ( l + v ) ( l - 2 v) v e r - ( l + v ) a T] (2 -2)
a z = v (crr 4cre^" E»T
On the  o th e r  hand i f  th e  c y l i n d e r  i s  f r e e  to  expand a x i a l l y ,  
t h a t  i s  i f  &z = c o n s t a n t ,  th e  a x i a l  s t r e s s  crz beco m es[2 7 ] .
°  = a  +  CTq (2 -3 )z r  w
E q u i l ib r iu m  E q u a t io n
C o n s id e r in g , th e  fo r c e  and s t r e s s e s  a c t i n g  on an e lem en t as  
shown i n  F ig u re  ( 2 - 1 ) ,  th e  e q u i l i b r iu m  e q u a t io n  i n  c y l i n d r i c a l  








F ig u re  2 -1 .  S t r e s s e s  A c t in g  on an Element
where F^ and Fg are the components of the body force in r and 0
d i r e c t i o n s ,  r e s p e c t i v e l y .  The above e q u a t io n s  r e l a t e  th e  th r e e  
s t r e s s e s  a r> a Q and Tr 0 .
C o m p a t ib i l i ty  E q u a t io n
To o b ta in  th e  c o m p a t i b i l i t y  e q u a t io n  one may s t a r t  w i th  s t r a i n -  
d is p la c e m e n t  r e l a t i o n s .  These r e l a t i o n s  in  th e  g e n e r a l  two dimen­
s i o n a l  c y l i n d r i c a l  c o o r d in a te  a r e  g iv en  [2 9 ]  as  fo l lo w s :
where u and v a r e  th e  components o f  d isp la c e m e n t  in  th e  r  and 0 
d i r e c t i o n s ,  r e s p e c t i v e l y .  E l im in a t io n  o f  u and v i n  E q u a t io n  (2 -6 )  
r e s u l t s  in  c o m p a t i b i l i t y  e q u a t io n
I t  may be v e r i f i e d  t h a t  th e  e q u i l i b r iu m  e q u a t io n s  a r e  s a t i s f i e d  
i f  th e  s t r e s s e s  a r e  d e f in e d  i n  te rm s o f  s t r e s s  f u n c t i o n ,  a s  fo l lo w s
( 2 - 6 )
P = l M  + ^ v _ v
r 0  r  90 9 r  r
(2 -7 )
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( 2 - 8 )
T .  £ _  ( I  M \d r  \ r  39 /
I n t r o d u c in g  th e  above e q u a t io n s  in  E q u a t io n  (2 -7 )  and u s in g  th e  
s t r e s s - s t r a i n  r e l a t i o n  g iv e n  by E q u a t io n  ( 2 - 2 ) ,  th e  c o m p a t i b i l i t y  
e q u a t io n  f o r  p l a i n  s t r a i n  can  be w r i t t e n  as
I t  can  be seen  in  th e  above e q u a t io n ,  t h a t  when th e  te m p e ra tu re  
d i s t r i b u t i o n  i s  i n  s te a d y  s t a t e  c o n d i t i o n  th e  c o m p a t i b i l i t y  e q u a t io n  
in  term s o f  s t r e s s  f u n c t i o n ,  § ,  i s  e x a c t l y  th e  same as  t h a t  o f  
a n is o th e rm a l  e l a s t i c i t y  p rob lem s.
D isp lacem ent P o t e n t i a l
Method o f  d isp la c e m e n t  p o t e n t i a l  i s  sometimes used  to  o b t a in  
th e  the rm a l s t r e s s e s .  The d isp la c e m e n t  p o t e n t i a l , Y  , i s  r e l a t e d  
to  th e  r a d i a l  and t a n g e n t i a l  components o f  d isp la c e m e n t  th ro u g h  





S u b s t i t u t i n g  the  above e q u a t io n s  i n t o  E q u a t io n s  (2 -6 )  and making 
use  o f  E q u a t io n  (2 -1 )  th e  e q u i l i b r iu m  e q u a t io n s  in  terms o f  th e  
d isp la c e m e n t  p o t e n t i a l  becomes
The d isp la c e m e n t  p o t e n t i a l  o b ta in e d  from t h i s  nonhomogeneous 
d i f f e r e n t i a l  e q u a t io n  p ro v id e s  a p a r t i c u l a r  s o l u t i o n  f o r  E q u a tio n  
(2 -4 )  and ( 2 - 5 ) .  Once th e  E q u a t io n  (2 -1 1 )  i s  so lv ed  f o r  ¥ ,  the  
s t r e s s e s  can  be o b ta in e d  from
These s o l u t i o n s  a lo n e ,  however, may n o t  s a t i s f y  th e  boundary 
c o n d i t io n s  as th ey  a r e  o b ta in e d  based  on a p a r t i c u l a r  s o l u t i o n  o f  ¥ . 
To s a t i s f y  th e  boundary  c o n d i t io n s  i t  i s  r e q u i r e d  to  add to  them the  
com plementary s o l u t i o n  o b ta in e d  f o r  an i s o th e rm a l  e l a s t i c  p rob lem , 






G = 2 (1  + v ) (2 -13 )
4
7 cp = 0 (2-14)
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T = '  I ?  [ r  f e  <*-2G« ]
C r e e p - s t r e s s  R e la t io n s
c c cThe c re e p  s t r a i n s  er> e0 and er0  a r e  r e l a t e d  to  the  s t r e s s e s  
° r*  CT0 anĈ  Tr0  th ro u g h  t îe Pr a n d t l  and Reuss e q u a t i o n s [ 3 l J . I t  i s  
assumed t h a t  th e  c re e p  s t r a i n  in c rem en t i s  a t  any i n s t a n t  o f  lo a d in g  
p r o p o r t i o n a l  to  th e  in s t a n ta n e o u s  d e v i a t o r i c  s t r e s s ,  i . e . ,
d e ? . = S . . d \  (2 -16)
c
where e . .  i s  th e  c re e p  s t r a i n  t e n s o r  and S . .  i s  th e  d e v i a t o r i c  
i j  i j
s t r e s s  t e n s o r  and d \  i s  a  n o n -n e g a t iv e  c o n s t a n t  which may v a ry  
th ro u g h  th e  lo a d in g  h i s t o r y .  In  th e  g e n e r a l  t h r e e  d im e n s io n a l  con­
d i t i o n s  u s in g  E q u a t io n  (2 -1 6 )  one may w r i t e
(d^-deeC)2+(d^-d^)2+(d^-d^)2+ 6 (d 4+d / +de£ ) -
;)]= d \  [(<rr - a 0) + (CT0 - a z ) +(crz - a r ) +6(TrQ+ t 0z+ Tr z '
(2-17)
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D e f in in g  the  e q u iv a l e n t  s t r e s s  and the  e q u iv a l e n t  s t r a i n  as
* 1 r 2 2 2 2 2 2 1^
=  —  ! <CTr - CTf l )  + < c t q - c t J  + ( o r , - CTr )  + 6 ( t ;  + <  + T ;  ) !  ( 2 - 1 8 )y 2 0 z z r  r 0 U z z r _ i
de* = ^  T(dec - d e ^ ) 2+(deQ-dec ) 2+ ( d e c - d e c ) 2+ 6 ( d e c 2+de^ 2+dec3 l r  0 0 z z r  r0 0z z r .
(2 -1 9 )
th e n  E q u a t io n  (2 -1 7 )  y i e l d s  
3 e*
&  = i  (2 -2 0 )
T h e r e f o r e ,  th e  s t r e s s - c r e e p  s t r a i n  r e l a t i o n s  o f  E q u a tio n  (2 -1 6 )  
becomes
2-i%
e c = - ^  f~a -  %(oa + ct )1
r  ct L r  0  z J
ee [ CTe -  %(ar  +  % > !




( 2- 2 1 )
c 3 e*




In  th e  above e q u a t io n s  th e  t o t a l  c re e p  s t r a i n s  c o r re sp o n d in g  to  
d e fo rm a t io n  th e o r y ,  a r e  used  i n s t e a d  o f  in c re m e n ta l  th e o ry  o f  
c r e e p .  E q u a t io n  (2 -2 1 )  i s  b ased  on th e  a ssu m p tio n  o f  in c o m p r e s s ib i l
For a two d im e n s io n a l  prob lem , such a s  p lan e  s t r a i n  c a s e ,  one
c _ _3 
er 0 “ 2 ct* Tr 0
where a  i s  o b ta in e d  from e i t h e r  E q u a t io n  (2 -2 )  o r  ( 2 - 3 ) .  z
To f i n d  th e  r e l a t i o n  betw een th e  e f f e c t i v e  s t r e s s  and e f f e c t i v e  
s t r a i n ,  th e  e x p e r im e n ta l  d a ta  may be u sed .  By h a v in g  th e  e x p e r i ­
m en ta l  d a t a  f o r  th e  u n i a x i a l  c r e e p ,  one may w r i t e  th e  f u n c t i o n a l  
r e l a t i o n s h i p  betw een  s t r e s s  and c re e p  s t r a i n .  T h is  f u n c t i o n a l  
r e l a t i o n s h i p  i s  c a l l e d  th e  c o n s t i t u t i v e  c re e p  e q u a t io n .  In  th e  
c a se  o f  m u l t i a x i a l  s t a t e  o f  s t r e s s ,  th e  e f f e c t i v e  s t r e s s  and 
e f f e c t i v e  s t r a i n  must be s u b s t i t u t e d  f o r  th e  u n i a x i a l  s t r e s s  and 
s t r a i n  i n  th e  c o n s t i t u t i v e  e q u a t io n .
i . e . ,
( 2 - 2 2 )
c ch as  eQ = 6 = 0 .  Thus, E q u a t io n  (2 -2 1 )  r e d u c e s  to
(2 -23 )
C o n s t i t u t i v e  E q u a t io n
The r e l a t i o n s h i p  betw een q u a n t i t i e s  d e f in in g  th e  s t a t e  o f  
s t r e s s ,  and s t r a i n  and t h e i r  v a r io u s  tim e d e r i v a t i v e s  i s  known a s  
c o n s t i t u t i v e  e q u a t io n .
For b o th  m e ta l s  and t h e i r  a l l o y s  i n  th e  a n n ea le d  c o n d i t i o n ,  
th e  s t r e s s  dependency o f  second c re e p  r a t e ,  g, a t  low s t r e s s  
l e v e l  and c o n s t a b t  te m p e ra tu re  i s  g iv e n  by th e  power r e l a t i o n
e = Bcr11 (2 -2 4 )
where B and n a r e  s t r e s s  in d ep en d e n t  m a t e r i a l  c o n s t a n t s .  For 
a n n e a le d  m e ta ls  and a l l o y s  n  v a r i e s  betw een 1 and 7 and does n o t  seem 
to  depend on th e  c r y s t a l i n e  s t r u c t u r e [ 3 2 - 4 l ] . The m a te r i a l  c o n s ta n t  
n and t o  somce e x t e n t  B, a r e  te m p e ra tu re  d ep en d en t.  In  most 
c a s e s  f o r  c r e e p  a t  h ig h - t e m p e r a tu r e  n v a r i e s  betw een  4 and 6 f o r  
pure  m e ta ls  and betw een 2 and 4 f o r  a l l o y s .  There  a r e  few 
e x c e p t io n s ,  how ever, to  th e s e  r a n g e s .  For exam ple, copper e x ­
h i b i t s  low n v a lu e s  and f o r  aluminum a t  920°K, n = 1 .2 4 .  For 
Q*-Fe, n = 1 a t  1360°F ( P r i c e  e t  a l . )C 4 2 ]  Ch th e  o t h e r  hand some 
iro n -a lum inum  a l l o y s  e x h i b i t  h ig h  n v a lu e s  ra n g in g  betw een 4 .6  
and 6 . 8 (Lawley, e t . a l . ,[363. I t  i s  a l s o  found t h a t  n depends on th e  
p e rc e n ta g e  o f  a l l o y i n g  e lem en ts  ( S e l l a r s  e t .  a l . ^ [ 4 3 ] .
A t h ig h  s t r e s s  l e v e l s  th e  s t r e s s  dependency o f  seco n d ary  c reep  
r a t e  i s  g iv e n  by
e = B 1 exp(gCT) (2 -25 )
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where B7 and |3 a r e  a g a in  m a t e r i a l  c o n s ta n t s  in d ep en d en ts  o f  s t r e s s  
f o r  th e  ra n g e s  o f  s t r e s s  examined. T h is  r e l a t i o n  f i t s  p a r t i c u l a r l y  
the  c r y s t a l s  and p o l y c r y s t a l s  o f  an n ea led  m e ta ls  and a l l o y s .  B7 and 
(3 a r e  b o th  te m p e ra tu re  dependen t as  i s  r e p o r t e d  by Kauzman [ 4 4 ] ,  
C o t t r e l l ,  e t .  a l .  [ 4 5 ] ,  and F e lth am  [ 4 6 ,  47 , 4 8 ,  4 9 ] .
E q u a t io n s  (2 -2 4 )  and (2 -2 5 )  have le d  th e  i n v e s t i g a t o r s  fo r  
some tim e to  b e l i e v e  t h a t  d i f f e r e n t  mechanisms c o n t r o l  secondary  
c r e e p  a t  low and h ig h  s t r e s s  l e v e l s .  I t  i s  v e ry  u n l i k e l y ,  however, 
t h a t  an a b ru p t  change i n  mechanism occuis and in  f a c t  i t  has been  shown 
by G a ro fa lo  [3 9 ]  t h a t  E q u a tio n s  (2 -2 4 )  and (2 -2 5 )  a r e  b o th  s a t i s f i e d  
by a s i n g l e  s t r e s s  f u n c t io n .  This  f u n c t io n  i s  g iv en  by
e = b" ( s i n h  o; cr)n (2 -2 6 )
where B/7 and a  a r e  c o n s ta n t  a t  c o n s ta n t  t e m p e ra tu re .  For v a lu e s  o f  
a  cr < 0 . 8 ,  E q u a t io n  (2 -2 6 )  re d u c es  to  E q u a t io n  (2 -2 4 )  and B//o'n = A.
For v a lu e s  o f  ot a  > 1 .2 ,  E q u a t io n  (2 -2 6 )  re d u c e s  to  E q u a t io n  ( 2 - 2 5 ) ,  
t h e r e f o r e ,  B/7/ 2 n = B7 and n or = (3. E q u a t io n  (2 -2 6 )  f i t s  th e  d a ta  
f o r  b o th  m e ta ls  and a l l o y s ,  b u t  to  e v a lu a t e  o', r e s u l t s  o f  b o th  
h ig h  and low s t r e s s e s  must be a v a i l a b l e .  V alues o f  B/7, or and n 
computed f o r  v a r io u s  m e ta ls  and a l l o y s  a re  g iv e n  in  T ab le  1. The 
p a ra m e te rs  g iv e n  in  T able  1 a re  d e te rm ined  f o r  each  m e ta l  or 
a l l o y  f o r  a  c o n s ta n t  g r a i n  s i z e .
As shown i n  T ab le  1, n approaches  u n i t y  f o r  aluminum t e s t e d  a t  
920°K which i s  abou t i t s  m e l t in g  p o i n t .  For t h i s  c a se  E q u a t io n  (2 -2 6 )  
shows secondary  c re e p  r a t e  to  be p r o p o r t i o n a l  to  s i n  h a  ct. Such a 
r e l a t i o n  has been  proposed  as a  g e n e r a l  s t r e s s - c r e e p  law by Kauzman [ 4 4 ] .
TABLE 1
COMPUTED VALUES OF B", a , and n
T es t





Copper 673 6 .80 X 10
Copper 723 7.80 X 10'
Copper 773 6.10 X 10
Copper 823 7.20 X 10
Copper 903 4 .70 X 10'
Copper 973 8.30 X 10
Aluminum 477 2 .78 X 10
Aluminum 533 1.94 X 10
Aluminum 920 2.67 X 10
Aluminum- 531 4 .17 X 10
3.1%
Magnesium
A u s t e n i t i c 977 1.47 X 10
S t a i n l e s s
S te e l 1089 1.67 X 10
a
(cm2 /kg)


























5 .65 X 10
7.28 X 10
1.78















and N adai,  e t .  a l .  [50 ] E x p e r im en ta l  ev id en c e  shows t h a t  the  
h y p e r b o l i c - s i n  power f u n c t io n  a p p l i e s  over a  much w ider ran g e  o f 
s t r e s s  and te m p e ra tu re  and th e  h y p e r b o l i c - s i n  r e l a t i o n  i s  a  s p e c i a l  
c a se  which may a p p ly  a t  te m p e ra tu re s  n e a r  th e  m e l t in g  p o i n t .  I t  
shou ld  be m en tioned , however, t h a t  th e  mechanisms c o n t r o l l i n g  
c re e p  n ea r  th e  m e l t in g  p o i n t  may d i f f e r  in  some c a s e s  from th o se  
c o n t r o l l i n g  a t  lower te m p e r a tu r e s .  A lso th e  c re e p  b e h a v io r  a t  
t h e s e  v e ry  h ig h  te m p e ra tu re s  may be a f f e c t e d  by o x id a t io n .
T em pera ture  Dependence o f  Creep
E x p e r im en ta l  e v id en c e  i n d i c a t i n g  t h a t  c re e p  in v o lv e s  th e rm a l ly  
a c t i v a t e d  p ro c e s s e s  has been  a v a i l a b l e  fo r  some tim e K an ter [ 5 1 ] .
In  th e s e  p ro c e s s e s  th e  c re e p  r a t e  depends on te m p e ra tu re  th rough  
th e  f a c t o r  exp (-AH/RT), where AH i s  th e  a c t i v a t i o n  energy  f o r  th e  
p r o c e s s ,  R i s  th e  gas c o n s t a n t ,  and T i s  th e  a b s o lu t e  te m p e ra tu re .
At low s t r e s s  l e v e l s ,  th e  e q u a t io n  d e s c r ib in g  s t r e s s - c r e e p  r a t e  
r e l a t i o n  i s  g iv e n  by Dorn [ 5 2 ] .
e = s '  exp(-AH/RT)an (2 - 2 7 )
For pure  s t r u c t u r e s  n and AH a re  found , a c c o rd in g  to  Sherby [ 5 3 ] ,  to  
be in d ep en d en t o f  te m p e ra tu re .  T h is  i s  a l s o  t r u e  fo r  annea led  
m e ta ls  and a l l o y s  in  th e  secondary  c re e p  ran g e  as r e p o r t e d  by 
Weertman, e t .  a l .  [ 5 4 ] ,  Lawley, e t .  a l .  [36 ] and G a ro fa lo ,  e t .  a l .  [55 ] 
E x c e p t io n s  from th e  above r u l e ,  however, a r e  aluminum and copper 
f o r  which n has been  found to  d e c re a s e  as te m p e ra tu re  i n c r e a s e s .
At h ig h  s t r e s s  l e v e l s ,  th e  s t r e s s - c r e e p  r a t e  r e l a t i o n  i s  g iv en  
by Dorn [52] as
e = S* exp ( -  AH/RT) exp (per) (2 -2 8 )
For pu re  s t r u c t u r e s  and f o r  a  l im i t e d  te m p e ra tu re  ran g e  3 seems to  
be in d ep en d en t o f  te m p e ra tu re  (S h erb y , e t .  a l .  [ 5 6 ] ) .  For ann ea led  
m e ta ls  and a l l o y s  (3 has been  r e p o r te d  by F e ltham  [ 4 7 ] ,  [5 7 ]  and 
G a ro fo la  [3 8 ]  to  in c r e a s e  w ith  te m p e ra tu re .
Creep R e la x a t io n
Based on N ew ton 's  law th e  s t r e s s  and th e  r a t e  o f  s t r a i n  o f  a 
v is c o u s  m a t e r i a l  a r e  r e l a t e d  [2 3 ]  by
e = ^  (2 -2 9 )
w h ile  th e  H ook 's  law s t a t e s  th e  s t r e s s - s t r a i n  r e l a t i o n  o f  an e l a s t i c  
body i s
e = -  (2 -3 0 )e
Depending upon th e  i n i t i a l  and boundary  c o n d i t i o n s ,  t h e r e  a re  
two ways t h a t  th e  s t a t e  o f  s t r e s s  o r  d e fo rm a t io n  in  a v i s c o e l a s t i c  
m a t e r i a l  can  be d e te rm in ed :
a .  I f  t h e  m a t e r i a l  i s  s u b je c te d  t o  a f ix e d  d e fo rm a tio n  i n i t i a l l y
th e  Maxwell e q u a t io n  can  be employed to  d e te rm in e  th e  s t r e s s  a t  any
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* = i  + §Ti (2- 31>
From E q u a t io n  (2 -3 1 )  one can  see  t h a t  i f  th e  a p p l ie d  s t r e s s  i s  
c o n s t a n t  th e  r a t e  o f  d e fo rm a t io n  w i l l  a l s o  be c o n s t a n t .  I n t e g r a t i o n  
o f  E q u a t io n  (2 -3 1 )  i n  c o n ju n c t io n  w i th  th e  i n i t i a l  c o n d i t io n  
cr = Cq a t  t  = 0 and th e  boundary  c o n d i t i o n  e = c o n s ta n t  fo r  
t  s  0 y i e l d s :
ct = a Q exp f -  £ )  (2 -3 2 )
where t  = . E q u a t io n  (2 -3 2 )  r e p r e s e n t s  th e  s t r e s s  r e l a x a t i o n
f o r  a  Maxwell body.
b . Another method to  d e s c r ib e  th e  s t r e s s  i n  a v i s c o e l a s t i c  
m a t e r i a l  i s  th e  one su g g e s te d  by V o ig t .  The V oig t e q u a t io n  i s  
g iv e n  as
Ee + 3T|e (2 -3 3 )
A ccord ing  to  V o i g t ' s  e q u a t io n  when a body i s  under a c o n s t a n t
load i t s  d e fo rm a t io n  app roaches  to  a v a lu e  <Tq/E  a °d t h u s ,  i n t e g r a t i n g
th e  E q u a tio n  ( 2 - 3 3 ) ,  one may o b t a i n  th e  fo l lo w in g  e q u a t io n
« -  [ l  -  exp ( -  f ) ]  (2 -3 4 )
A V o ig t model as  d e s c r ib e d  by E q u a t io n  (2 -3 4 )  does n o t  r e l a x  when 
i t  i s  s u b je c te d  to  a  c o n s t a n t  d e fo rm a t io n ,  t h a t  i s ,  s t r e s s  rem a ins  
c o n s t a n t .  In  t h i s  c a s e  th e  tim e  t  i s  c a l l e d  th e  d e la y  t im e .
An a c t u a l  v i s c o e l a s t i c  m a t e r i a l  w i l l  n e i t h e r  behave e x a c t l y  
as  d e s c r ib e d  by a Maxwell model n o re  a V o ig t model. I t  would p e r ­
haps be a  c o m b in a t io n  o f  b o th  w hich th e n  i s  c a l l e d  g e n e r a l  l i n e a r  
v i s c o e l a s t i c  m odel.
CHAPTER III
NONAXISYMMETRIC TEMPERATURE IN CYLINDERS
In  t h i s  c h a p te r  th e  te m p e ra tu re  d i s t r i b u t i o n  in  a t h i c k -  
w a l le d  c y l i n d e r  s u b je c te d  to  d i f f e r e n t  i n s id e  and o u t s id e  tem pera ­
t u r e s  o r  r a t e  o f  h e a t  f lu x e s  i s  o b ta in e d .  The f i r s t  law o f  therm o­
dynamics i n  d i f f e r e n t i a l  form i s  used to  o b ta in  the  s t e a d y - s t a t e  
te m p e ra tu re  d i s t r i b u t i o n  in  a  c y l i n d e r .  The te m p e ra tu re  i s  assumed 
to  be c o n s t a n t  a lo n g  th e  c y l i n d e r  a x i s ,  i t s  v a lu e  on th e  o u te r  
and in n e r  f a c e s  b e in g  d e te rm in e d  by means o f  two d i f f e r e n t  and, 
i n  g e n e r a l ,  p e r io d i c  f u n c t io n s  which can  be expanded in  F o u r ie r  
s e r i e s .  The s o l u t i o n  i s  acco m p lish ed  by u s in g  th e  method o f  
s e p a r a t i o n  o f  v a r i a b l e s .
F i r s t  Law o f  Thermodynamics
The f i r s t  law o f  thermodynamics in  d i f f e r e n t i a l  form f o r  a 
homogenuous, i s o t r o p i c  m a t e r i a l  can be  w r i t t e n  a s  f o l l o w s [ 5 8 ] :
P C Dt +  7 ‘q = U'" (3_1)
where p i s  th e  mass d e n s i t y ,  C i s  th e  s p e c i f i c  h e a t ,  \i"' i s  the  
r a t e  o f  l o c a l  i n t e r n a l  en e rg y  g e n e r a t i o n  pe r  u n i t  volume, T i s  
th e  te m p e r a tu r e ,  t  i s  th e  t im e ,  and q i s  th e  h e a t  f lu x  w i th in  the  
body. The symbol j— i s  c a l l e d  th e  " s u b s t a n t i a l  d e r i v a t i v e "  and ,
in  th e  c y l i n d r i c a l  c o o r d in a te  i s  d e f in e d  as
D _ & , d 6 3 9 /q  o\
Dt a t  r  3 r  r  a9 Vz 3z
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where v , v and v a r e  th e  r a d i a l ,  t a n g e n t i a l  and a x i a l  components r  y 2
o f  th e  v e l o c i t y  v e c to r  in  th e  c y l i n d r i c a l  c o o r d i n a t e s ,  r e s p e c t i v e l y .  
The symbol y .q  i s  s im ply  th e  d iv e rg e n c e  o f  th e  h e a t  f l u x  v e c to r  
w hich i s  d e f in e d  in  c y l i n d r i c a l  c o o r d in a te  as
1 5 (r<1r> . 1 3<<8 . 8qZ
7 q -  r  a r  r  59 3 z (3 3)
i n  w hich , q , q_ , and q a r e  th e  r a d i a l ,  t a n g e n t i a l  and a x i a l  
V  o  Z
components o f  th e  h e a t  f lu x  v e c t o r .
A ccord ing  to  F o u r i e r ' s  law o f  c o n d u c t io n ,  th e  h e a t  f l u x ,  q ,  
i s  r e l a t e d  to  th e  te m p e ra tu re  by
q = -kVT (3 -4 )
I n t r o d u c in g  E q u a t io n  (3 -4 )  i n t o  E q u a t io n  (3 -1 )  and u s in g  the  
v e c to r  a l g e b r a ,  E q u a t io n  (3 -1 )  becomes
pG H  - k / T  = u'" (3 -5 )
2
where v i s  th e  L a p la c ia n  O p e ra to r  w hich , in  th e  c y l i n d r i c a l  
c o o r d i n a t e s ,  i s  g iv e n  by
2 2 2 2 a , 1 5  , i  a . aV = _ + ^  +  — _ ( 3 - 6 )
9 r  r  a r  r  90^ 9^
In  E q u a t io n  (3 -5 )  th e  f i r s t  te rm  on th e  l e f t  s id e  o f  th e  e q u a t io n ,
DT 2p C — , i s  th e  c o n v e c t io n  te rm  and th e  second te rm , kv T, i s
c o n d u c t io n .
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E q u a tio n  (3 -5 )  i s  th e  most common form o f  th e  f i r s t  law o f  
thermodynamics in  th e  h e a t  c o n d u c t io n  th e o ry  which d e s c r ib e s  the  
te m p e ra tu re  as  the  on ly  dependent v a r i a b l e .  T h is  e q u a t io n  re d u c e s  to  
more s i m p l i f i e d  forms i f  i t  i s  a p p l i e d  to  a  s te a d y  s t a t e  problem  
o r  h e a t  c o n d u c t io n  o f  a  s o l i d .  For a two d im e n s io n a l  s te a d y  s t a t e  
c o n d i t io n  w i th  no i n t e r n a l  engergy  g e n e r a t i o n ,  E q u a t io n  (3 -5 )  
becomes
The s o l u t i o n  o f  E q u a t io n  (3 -7 )  w i th  a p p r o p r i a t e  boundary  c o n d i t io n s  
w i l l  y i e l d  th e  te m p e ra tu re  d i s t r i b u t i o n  w i t h i n  th e  body a s  a fu n c ­
t i o n  o f  two v a r i a b l e s ,  r  and 9.
T em perature  D i s t r i b u t i o n  in  a  T h ic k -w a l le d  C y l in d e r
C o n sid e r  a t h i c k - w a l l e d  c y l i n d e r  o f  homogenuous and i s o t r o p i c  
m a t e r i a l  w i th  i n s id e  r a d iu s  a and o u t s id e  r a d i u s  b ,  a s  shown in  
F ig u re  ( 3 - 1 ) .  The te m p e ra tu re  i s  assumed to  be c o n s t a n t  a lo n g  the  
a x i s  o f  th e  c y l i n d e r ,  th e  z a x i s ,  b u t  i t  may v a ry  in  th e  r  and 9 
d i r e c t i o n s .  I t  i s  a l s o  assumed t h a t  th e  te m p e ra tu re  has  reach ed  
i t s  s te a d y  s t a t e  c o n d i t io n  and t h a t  t h e r e  i s  no h e a t  g e n e r a t i o n  in  
th e  c y l i n d e r ' s  m a t e r i a l .  Under th e s e  c o n d i t i o n s  th e  problem  i s  
b o th  two d im e n s io n a l  and s te a d y  s t a t e .  F u r th e rm o re ,  s in c e  th e  
v e l o c i t y  v e c to r  w i th in  th e  m a t e r i a l  o f  th e  c y l i n d e r  i s  z e ro  ( s o l i d  
m a t e r i a l ) ,  th e  c o n v e c t iv e  te rm  in  E q u a t io n  (3 -7 )  v a n is h e s  and th e  
co n d u c t io n  e q u a t io n  to  be so lv ed  beecmes
(3 -7 )
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^ - | + - | ^ + - i 2 ^ - |  = V20 = 0 (3 -8 )
■v z  r  b r  ^  ^dr r ocp
where
0 = T -  T. (3 -9 )l
H ere ,  th e  i n s id e  te m p e ra tu re  o f  c y l i n d e r ,  T^, i s  used  as 
r e f e r e n c e  te m p e ra tu re .  The g e n e r a l  s o l u t i o n  o f  E q u a t io n  ( 3 - 8 ) ,  
u s in g  th e  s e p a r a t i o n  o f  v a r i a b l e s  t e c h n iq u e ,  i s
0 (r,cp) -  Ao+Bo lo g  r  + Y [ ^ g )  + B ^ )  ]cos\cp + £  [ c ^ )  - H ^ g )  ]s in \cp
X X
(3 -1 0 )
The c o n s ta n t s  A , B , A, , B, , C, and D, a r e  t o  be o b ta in e d  from o ’ o ’ X X’ X X
th e  boundary  c o n d i t i o n s .  Two d i f f e r e n t  boundary  c o n d i t io n s  a r e  
c o n s id e re d  as  fo l lo w s :
Case I : R e f e r r in g  to  F ig u re  (3 -1 )  th e  in n e r  s u r f a c e  o f  th e  c y l in d e r
has a u n ifo rm  te m p e ra tu re ,  T^, w h ile  p a r t  o f  th e  o u te r  s u r f a c e  o f  
th e  c y l i n d e r  i s  exposed to  a te m p e r a tu r e ,  T^, and th e  rem a in d er  
i s  exposed to  a te m p e ra tu re ,  T^, w here , i n  g e n e r a l ,  T^ ^ T^.
C o n s id e r in g  th e  p la n e  o f  symmetry th e  boundary  c o n d i t i o n  can  
m a th e m a t ic a l ly  be w r i t t e n  as
d0
dcp = 0 at cp =  0 (3-11)
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§ §  -  0 a t  ,  -  it (3 -12)
0(a,cp) « 0 (3 -13 )
I
1 ,-T ^oT , a t  0 <  cp <  p
(3 -14)
tr
o n ,   ̂ j V V 1 ! a t  0 <  *  <6 (b,cp) = 1 i
^ 2 ‘ Ti =Tl  a t  P <  <P <
Case I I :  The in n e r  s u r f a c e  o f  th e  c y l i n d e r  has  a  u n ifo rm  te m p e ra tu re ,
T^, and p a r t  o f  th e  o u te r  s u r f a c e  i s  exposed t o  a  r a t e  o f  h e a t  f lu x  
q^ and th e  rem a in d e r  i s  exposed to  q 2< Where, in  g e n e r a l ,  q^ 4
A gain c o n s id e r in g  th e  p lan e  o f  symmetry th e  boundary  c o n d i t io n  
can be m a th e m a t ic a l ly  s t a t e d  a s  fo l lo w s :
| |  .  0 a t  <p = 0 (3 -15)
-  0 a t  ip = tt (3 -16)
0(a,cp) = 0 (3 -17)
S9 _ a t  0 <  cp <  p
S r  "  \
_2 a t  p <  cp < it
(3 -18)
k
I n  a p p ly in g  th e  boundary  c o n d i t io n s  i t  i s  n o te d  t h a t  th e  
f i r s t  t h r e e  c o n d i t io n s  a r e  th e  same f o r  b o th  c a s e s .  Thus, f o r  
b o th  c a s e s  th e  f i r s t  boundary  c o n d i t i o n ,  E q u a t io n s  (3 -1 1 )  and (3 - 1 5 ) ,  
g iv e s
CosXcp
X - X
0 (3 -20 )
E q u a t io n  (3 -2 0 )  im p l ie s  t h a t  the  second summation in  E q u a tio n  (3 -10 )  
i s  always i d e n t i c a l l y  z e r o .
A gain em ploying E q u a t io n  (3 -1 9 )  to  app ly  th e  second boundary 
c o n d i t i o n ,  E q u a t io n s  (3 -1 2 )  and ( 3 - 1 6 ) ,  one w i l l ,  in  l i g h t  o f  
E q u a t io n  ( 3 - 2 0 ) ,  f in d
C o n s id e r in g  E q u a tio n s  (3 -2 0 )  and ( 3 - 2 2 ) ,  E q u a tio n  (3 -10 )  becomes
n=l
Now a p p ly in g  th e  t h i r d  boundary  c o n d i t i o n ,  E q u a tio n  (3 -1 3 )  and ( 3 - 1 7 ) ,  
one has
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3cp (3 -2 1 )
where i t  can  be concluded  t h a t
X = n w i th  n = 1, 2 ,  3 . . . (3 -22 )
00
n - n.
8 (r,cp) = A + B lo g r  + o o (3 -2 3 )
00
0 = A + B lo g a  + } (A + B ) Cos ncpo o Z_i n n
n=l
(3 -2 4 )
T h is  e q u a t io n  can  be w r i t t e n  as
30
und
i (A + B ) Cos ncp = 0 n n
n=l
which g iv e s
Bn An (3 -25 )
S u b s t i t u t i n g  E q u a tio n s  (3 -24 )  and (3 -2 5 )  i n t o  E q u a tio n s  (3 -2 3 )  r e s u l t s  
i n
The c o n s t a n t s  B and A a r e  to  be found from th e  l a s t  boundary  o n  J
c o n d i t i o n  f o r  each  i n d i v i d u a l  c a s e .
I - - F o r  Case I ,  E q u a t io n  (3 -2 6 )  a t  th e  o u t e r  boundary , r  = b ,  
becomes
A g e n e r a l  ap p roach  f o r  c a l c u l a t i o n  o f  t h e s e  c o n s t a n t s  i s  to  
expand th e  boundary c o n d i t i o n  a t  th e  o u te r  r a d i u s  by F o u r ie r  S e r i e s  
and th e n  d e te rm in e  th e  c o n s ta n t s  by m atch ing  th e  c o n s t a n t s  o f  s e r i e s  
w i th  E q u a t io n  ( 3 - 2 7 ) .  To make such a com parison  E q u a t io n  (3 -2 7 )  may 
be n o rm a lized  as fo l lo w s :
00
(3 -2 6 )
n=l
CXI n -  n
(3 -2 7 )
n=l
e ' ( b , c p )  =
(3-28)
so t h a t
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9 '(b,cp) = | °  0 <; cp < p ( 3 _29)
1 p ^  ^  rr
The F o u r ie r  e x p an s io n  o f  a  s t e p  f u n c t io n  such as  9 '(b ,cp) i s  g iv en [5 9 ]  
as
e 'o , c p )  = ” • + ^  Y  S in  n(rr-3)Cos ncp (3 -30)
n = l
A com parison  o f  E q u a t io n  (3 -2 8 )  and (3 -3 0 )  y i e l d s
,(tt-P )(T  -T )
B = 1 1 * m
I I
T0 -T„,  2 ( - l ) nS in  n(rr-g) V 1 ! (3 -31 )
S u b s t i t u t i n g  th e  v a lu e s  o f  th e  c o n s t a n t s  B and A from th e  aboveo n
e q u a t io n s  i n t o  E q u a t io n  (3 -26 )  and u s in g  th e  d e f i n i t i o n  o f  E q u a t io n  
( 3 - 9 ) ,  th e  te m p e ra tu re  d i s t r i b u t i o n  in  a t h i c k - w a l l e d  c y l i n d e r  
s u b je c te d  to  th e  boundary  c o n d i t io n s  (3 -1 1 )  th ro u g h  (3 -1 4 )  becomes
T(r> tp)  „  T . +  [ ( v h M v h B  l o g  |  +  ^  p f r - s >
log  — ,& a n= l
v n . -n  r \  /rN
[ .\ a L . , . W  1 Cos (3. 32)
© -©
I I - - T o  e v a lu a te  th e  c o n s t a n t s  o f  E q u a t io n  (3 -26 )  f o r  Case I I  





00 ib „  , v n " l
- O + V a  * [ ( £ )  Hr / , n a L W  
n=l
B
t - ' iW
-n-1
Cos n ^
q(b,cp) = - * f £ l  = -^tT  " ) k An
r=b n=l
_v_o .  Vk A H
a
n -1 (!)-n-1 Cos n
N o rm a liz in g  th e  above e q u a t io n  r e s u l t s  in
q ( b ,9 )
q(b,cp) - q ] 
q 2 ' q l
kBo /b + q l  
q 2 - q j
03
T Aq 2 - q i  l.. 
n= l
H f ( S





,0 0 < cp <  ^
< Cp <  17
I
The F o u r i e r  e x p an s io n  o f  th e  s t e p  f u n c t io n  q (b,cp) i s
i _ 
( b ,9 )  = {
1 P c
rr 2. Y  l) imi. g£n cos ncp
tt / .  n v Tq ' ( b ,V )  = " r T + n  L
n=l
Comparison o f  E q u a t io n s  (3 -3 5 )  and (3 -3 7 )  p ro v id e s
k b + q i  n- e
“ v ^ T "  "
o r













q 2"q l  -
n= l n=l
o r
n -1 . - n -1
Sin  n(rr-P) (3 -39)
S u b s t i t u t i n g  th e  c o n s t a n t s  Bq and A^ from E q u a t io n  (3 -3 8 )  and (3 -39 )  
i n t o  E q u a t io n  (3 -2 6 )  and t a k in g  i n t o  acc o u n t  th e  E q u a t io n  (3 -9 )  th e  
r e s u l t s  would become
The above e q u a t io n  g iv e s  th e  te m p e ra tu re  d i s t r i b u t i o n  in  a t h i c k -  
w a l le d  c y l i n d e r  s u b je c te d  t o th e  boundary  c o n d i t io n s  g iv e n  by 
E q u a t io n s  (3 -1 5 )  th ro u g h  (3 - 1 8 ) .
F ig u re  (3 -2 )  shows th e  te m p e ra tu re  d i s t r i b u t i o n  in  a t h i c k -  
w a l le d  c y l i n d e r  s u b je c te d  to  a boundary  c o n d i t i o n  a s  g iv en  by 
Case I .  The i n s id e  te m p e ra tu re  i s  u n ifo rm  and i s  h ig h e r  th a n  th e  
o u t s id e  te m p e ra tu re .  The a n g le  P i s  assumed to  be 65 d e g re e s .  As 
can  be seen  from t h i s  f i g u r e ,  th e  te m p e ra tu re  f o r  9  j u s t  l e s s  th a n  
P a r e  a f f e c t e d  by th e  lower te m p e ra tu re  o f  th e  r e g io n  where cp > P .  
For th e  r a d i i  n e a r  th e  o u t e r  s u r f a c e ,  th e  te m p e ra tu re  i s  even
(3 -40 )
lower th an  th e  o u t s id e  te m p e ra tu re  T^. For a r e a so n a b ly  a c c u r a te  
r e s u l t s  more th a n  f i f t y  term s (n > 50) in  E q u a t io n  (3 -31 )  m ust be 
c o n s id e re d .
The r e s u l t s  o f  t h i s  c h a p te r  can be g e n e r a l i z e d  t o  th e  tem p e ra ­
t u r e  d i s t r i b u t i o n  o f  a t h i c k - w a l l e d  c y l i n d e r  s u b je c te d  to  any 
a r b i t r a r y  th e rm a l  boundary  c o n d i t i o n ,  a s  long as  i t  can be expanded 
by th e  F o u r ie r  s e r i e s .  Tem perature  d i s t r i b u t i o n s  in  a t h i c k -  
c y l i n d e r  f o r  s e v e r a l  o th e r  th e rm a l boundary  c o n d i t io n s  a r e  o b ta in e d  
in  Appendix A.
F ig u re  3 -1 .  A T h ick -W alled  C y l in d e r  S u b je c te d  to  Nonaxisymm etric
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F ig u re  3 -2 .  The T em pera tu re  D i s t r i b u t i o n  C o rresp o n d in g  to  Boundary
C o n d i t io n  shown i n  F ig u re  (3 -1 )
CHAPTER IV
THERMAL STRESSES AND THEIR CREEP RELAXATION
T h is  c h a p te r  d e a l s  w ith  th e  d e r i v a t i o n s  o f  th e  e q u a t io n s  f o r  th e  
th e rm a l  s t r e s s e s  due to  th e  te m p e ra tu re  d i s t r i b u t i o n  o b ta in e d  in  th e  
l a s t  c h a p te r  and f o r  th e  c re e p  r e l a x a t i o n  o f  t h e s e  s t r e s s e s .  To 
o b t a in  th e  th e rm a l  s t r e s s e s ,  th e  method o f  complex v a r i a b l e s  i s  u sed  
to  s a t i s f y  th e  c o n t i n u i t y  c o n d i t i o n .  Then, the  r e l a t i o n  betw een 
e f f e c t i v e  s t r e s s  and e f f e c t i v e  s t r a i n  i s  o b ta in e d  f o r  th e  c a se  o f  
p la n e  s t r a i n .  U sing  M axw ell 's  con cep t o f  v i s c o e l a s t i c  m a t e r i a l s ,  
th e  c r e e p - s t r e s s  r e l a x a t i o n  e q u a t io n  i s  th e n  o b ta in e d .  C o n s id e r in g  
th e  boundary  c o n d i t io n s  on a th ic k - w a l l e d  c y l i n d e r  s u b je c te d  to  th e rm a l  
s t r e s s e s ,  th e  e q u i l i b r iu m  e q u a t io n s  in  c o n ju n c t io n  w ith  th e  r e l a x a t i o n  
e q u a t io n  a r e  so lv e d  s im u l ta n e o u s ly  f o r  th e  new s t r e s s e s  a f t e r  a time 
i n t e r v a l ,  A t .
G en era l  S o lu t io n  o f  th e  T h e rm o e la s t ic  E q u a t io n s
C o n s id e r  th e  c a se  o f  p la n e  s t r a i n  i n  which th e  te m p e ra tu re  i s
a  f u n c t io n  o f  x and y. From th e  s t r a i n - s t r e s s  r e l a t i o n s  i t  fo l lo w s
t h a t  i f  t h e  s t r e s s e s  ct , ct a n d  T v a n i s h  i n  t h e  p l a n e ,  t h e  s t r a i n sx y xy r
become
S u b s t i t u t i o n  o f  th e  above e q u a t io n s  i n t o  th e  c o m p a t i b i l i t y  e q u a t io n  
y ie I d s




T h e r e f o r e ,  i f  th e  te m p e ra tu re  d i s t r i b u t i o n  s a t i s f i e s  th e  L ap lace  
e q u a t io n ,  the  s t r e s s e s  in  th e  p la n e  v a n i s h .  T h is  i s  a  n e c e s s a ry  and 
s u f f i c i e n t  c o n d i t i o n  fo r  a s im ply  c o n n ec ted  r e g io n  to  be f r e e  o f  
s t r e s s e s  in  the  p la n e .  However, f o r  a  m u l t ip l y  connec ted  r e g i o n ,  
t h i s  c o n d i t i o n  i s  no lo n g e r  s u f f i c i e n t .
To o b t a in  th e  s t r e s s e s  in  a m u l t ip ly  co n n ec ted  r e g io n  s u b je c te d
to  a te m p e ra tu re  d i s t r i b u t i o n  g iv e n  by E q u a t io n  (4 -2 )  one may assume 
a c u t  in  th e  r e g io n ,  thus  ch an g in g  i t  to  a  s im ply  co n n ec ted  r e g i o n ,  
and then  w r i t e  th e  c o r re sp o n d in g  s t r e s s e s  which a re  n e c e s s a ry  to
re c o n n e c t  th e  edges o f  th e  c u t .  From the  s t r a i n - d i s p l a c e m e n t  r e l a t i o n s
and (4 -1 )  i t  fo l lo w s  t h a t
I t  can  be seen  t h a t  E q u a t io n s  (4 -3 )  and (4 -4 )  le ad  to  th e  Cauchy- 
Riemann c o n d i t io n s
5v _ du 
dx dy (4 -3 )
The a n g u la r  r o t a t i o n  in  th e  xy p la n e  i s  d e f in e d  as
(4 -4 )
z (4 -5 )
T h e re fo re  an a n a l y t i c  f u n c t i o n ,  w ith  e* and a s  th e  r e a l  and 
im ag inary  p a r t s ,  in  a complex p la n e  o f  z = x + iy  e x i s t s .
From th e  p r o p e r t i e s  o f  th e  d i f f e r e n t i a l  o f  a f u n c t io n
I
Now, if there is any discontinuity in the region, the displacement of
two p o in t s  1 and 2 r e l a t i v e  to  each  o th e r  would be
2 ,2 
(A u ) i2 + = J  + i<JUz) ( d x  +  id y )  = J f ( z )  dz (4 -7 )
where
f ( z )  = e y + id) (4- 8 )z
I f  th e  i n t e g r a t i o n  i s  perfo rm ed  over a c lo s e d  p a th  c ^ ,  the  c o n t i n u i t y  
c o n d i t i o n  r e q u i r e s  t h a t
[ f ( z ) dz = 0 (4 -9 )
c . r
F u r th e rm o re ,  r o t a t i o n  o f  p o in t  1 r e l a t i v e  t o  p o in t  2 i s  [3 0 ]
,,2 dau Sou
K h z  = J L 3 T  d* +  a F  d y  ( 4 ' 1 0 )
C om bination  o f  t h i s  e q u a t io n  and E q u a t io n s  (4 -5 )  and (4 -1 )  y i e l d s
r»2
12 "  1 
or in  th e  p o l a r  c o o r d in a te
zV0)
2
)  -  a +  J  | f  d s  ( 4 - i d
W 12 - (1 + v) " J i  rde  (4- l 2 >
S u b s t i t u t i n g  E q u a t io n s  (4 -12) and (4 -1 )  i n t o  (4 -8 )  one o b ta in s
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D e r iv a t io n  o f  Therm al S t r e s s e s
The g e n e r a l  e q u a t io n  o f  nonaxisym m etric  te m p e ra tu re  d i s t r i b u t i o n  
in  a c y l i n d e r  was o b ta in e d  in  a p re v io u s  c h a p te r .  For a c y l in d e r  
w i th  a p la n e  o f  symmetry th e  te m p e ra tu re  e q u a t io n  had the  fo l lo w in g  
form
where th e  a r b i t r a r y  c o n s t a n t s  A , B , A and B were d e te rm in ed  fo rJ o o n n
d i f f e r e n t  boundary  c o n d i t i o n s .  The f i r s t  te rm  in  th e  r i g h t  s id e  
o f  E q u a t io n  ( 4 - 1 4 ) ,  Aq , p roduces  on ly  a  u n ifo rm  a x i a l  s t r e s s .  The 
second te rm , b e in g  a f u n c t io n  o f  r a d iu s  o n ly ,  would r e s u l t  in  
ax isym m etr ic  s t r e s s e s  and f i n a l l y  th e  t h i r d  te rm  in t r o d u c e s  nonaxisym- 
m e tr ic  s t r e s s e s  i n  a c y l i n d e r .  The t o t a l  s t r e s s e s  i n  th e  c y l in d e r  
can  be o b ta in e d  by s u p e rp o s in g  th e  r e s u l t s  o f  th e  ax isym m etr ic  and 
nonax isym m etr ic  s o l u t i o n s .  In  th e  fo l l o w in g ,  two p a r t s  o f  th e  
s t r e s s e s ,  ax isy m m etr ic  and non ax isy m m etr ic ,  would be o b ta in e d  
s e p a r a t e l y .
P a r t  1 -  S t r e s s e s  Due to  Axisym m etric  Tem pera ture  D i s t r i b u t i o n
The second term  i n  th e  r i g h t  s i d e  o f  E q u a tio n  (4 -1 4 )  p roduces  
ax isy m m etr ic  s t r e s s e s  i n  th e  c y l i n d e r .  One may c a l l  t h i s  p a r t  o f  
th e  te m p e ra tu re
Assuming t h a t  th e  ends o f  c y l in d e r  a r e  f r e e  ( a x i a l  f o r c e  be in g  e q u a l
to  z e r o ) ,  th e  a x i a l  s t r a i n  e = c o n s t a n t  ^ 0 andz
00
T ( r  ,0 ) = A +B Log -  + ’ o o °  a
n=l
(4 -1 5 )
(4-16)
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S u b s t i t u t i n g  f o r  a  from E q u a tio n  (4 -1 6 )  i n t o  E q u a t io n s  (2 -1 )  andz
s o lv in g  f o r  th e  s t r e s s e s  ct and ct.  y i e l d s
CT = 7 i— F( l - v)  e +2ve -  (1+v) aT~i 
r  (1- 3v) ( 1+v) L '  r  0 J
cr = / • „ \  . *~2ve + ( 1- v )  e - ( 1+v) aT9 ( l - 3 v ) ( l + v )  L r  '  0 v '
(4 -1 7 )
Making u se  o f  E q u a tio n s  (2 -6 )  and s u b s t i t u t i n g  E q u a t io n  (4 -1 7 )  i n to  
e q u i l i b r iu m  E q u a tio n s  (2 -4 )  and (2 -5 )  r e s u l t s  i n  a second o rd e r  
o r d in a r y  d i f f e r e n t i a l  e q u a t io n  f o r  u ,  th e  r a d i a l  d isp la c e m e n t
< ^ + I i s “ = J d i ’ a . S  (4 -1 8 )
, 2  r  d r  2 1-v  d rdr r
The s o l u t i o n  o f  t h i s  d i f f e r e n t i a l  e q u a t io n  i s  g iv e n  by
TC C
u = -7-^- — f T rd r  + c . r  + —  (4 -1 9 )1-v  r  . 1 ra
where c^ and c^ a r e  th e  c o n s t a n t s  o f  i n t e g r a t i o n  and must be de te rm in ed  
by th e  boundary c o n d i t i o n s .  S u b s t i t u t i n g  E q u a t io n  (4 -1 9 )  i n to  
E q u a t io n  ( 2 - 6 ) ,  one would o b t a in  th e  s t r a i n s  a s  fo l lo w s
e = _ i ± ^  .2L [* T rd r  + “  Tr + c _ (4- 20 )
r  1-v 2 J 1-v r  1 2r  a r
1+v a  rr  C2
e0 = T ^ - J  T r d r + c 1 + - §  (4 -2 1 )
r  a  r
E q u a tio n s  (4 -2 0 )  and (4 -2 1 )  when s u b s t i t u t e d  i n t o  E q u a t io n  (4 -1 7 )  
p ro v id e  th e  s t r e s s e s  cr^ and cr^
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r  I ^ 1 1 ^ a “j"r - EL' tS \  J Trdr + Tov " Tw "I. <4' 22>r  a r
„ - if-i- a. <~r t.'.i. , ct . 1 c2 ot i
0 -  e L T ^  T  j  T rd r  + i -3 v  +  T w  “ 2 ■ T ^ J  (4 ' 2 3 >r  a  r
A pply ing  th e  boundary  c o n d i t io n s
c x = 0  ct = 0r  r
(4 -2 4 )
r  = a  r  = b
th e  c o n s t a n t s  c^ and c^ can  be d e te rm in ed
c ,  = 1-  3v or '‘k1 1-v , 2  2 Jb - a  a
T rd r
^  2 »b
c « i± !d  J°S  f  T r d r
2 1-v , 2  2 J i r d rb - a  a
(4 -2 5 )
With th e s e  c o n s t a n t s ,  th e  r a d i a l  and t a n g e n t i a l  s t r e s s e s  due to  an 
ax isym m etr ic  t e m p e ra tu re  d i s t r i b u t i o n  would become
2 b y
e «  r  i  a  \  r „  . i  r _  .
I T T - 2 l l  -  — ) . I r d r  •  —  j  T rd rb - a  r  a  r  a
(4 -2 6 )
*9 - it; h b  i 1 + 4 )  f Trdr + h  f Trdr - T] <4-27>2 b - a  r a  r a
A pply ing  th e  te m p e ra tu re  d i s t r i b u t i o n  g iv e n  by E q u a t io n  ( 4 - 1 5 ) ,
r e s u l t s  in
EoB ,  . 2 2. . .
CTr  = 2 ( l b  { ^ 2  ( 3 -  h )  lo g  a  " lo g  3  <-i ' 2 a '>
gag 2 2
CT0 = 2 (1 -v )  { j !  2 ( L + l )  log  a  " 108 a ” 1}  (4 -2 9 )
d - a  r
The s t r e s s e s  g iv e n  by E q u a t io n s  (4 -28 )  and (4 -29 )  co r re sp o n d  to  t h e  
c a s e  o f  an  ax isym m etr ic  t e m p e ra t u re  d i s t r i b u t i o n .  The d e t e r m i n a t i o n  
o f  th e  s t r e s s e s  due to  t h e  t h i r d  te rm  i n  E q u a t io n  (4-14)  i s  the  
s u b j e c t  o f  the  f o l l o w i n g  s e c t i o n .
P a r t  2 -  S t r e s s e s  Due t o  Nonaxisymmetr ic  Tempera ture  D i s t r i b u t i o n  
To c a l c u l a t e  th e  s t r e s s e s  caused  by th e  n onax isym m etr ica l  
t e m p e r a t u r e  d i s t r i b u t i o n  r e p r e s e n t e d  by t h e  i n f i n i t e  s e r i e s  i n  
E q u a t io n  (4 -14 )
00
To ( r , 0 )  = ) j*A  r 11 +  B r  n"| Cos n0 (4 -30)2 Z-i i_ n n J
n=l
one must c o n s i d e r  on ly  t h o s e  terms i n  E q u a t io n  (4 -30 )  which c o n t r i b u t e
t o  th e  t h e r m a l  s t r e s s e s .  To d e te rm in e  th e  c o n t r i b u t i n g  t e rm s ,
E q u a t io n  ( 4 - 9 )  i s  t o  be used in  c o n n e c t i o n  w i th  t h e  t e m p e ra t u re  g iven
by E q u a t io n  ( 4 - 3 0 ) .  S u b s t i t u t i n g  f o r  t h e  t e m p e r a t u r e  i n  E q u a t io n
(4 -13 )  and i n t e g r a t i n g  g iv e s
00
f ( z )  = ( l + v ) a  ^  ["^Anr n+Bnr  njc o s  n0 + i^A^r11- ! ^  s i n  n©J 
n=l U (4 -31)
T his  e q u a t i o n  can be f u r t h e r  s i m p l i f i e d  by n o t i n g  t h a t  [6 0 ]
in0 _ -  i n 9
s i n  n0 = ---------—--------
(4 -32)
in0 _ - inQ
cos  n0 = ------------ --------
2
S u b s t i t u t i n g  E q u a t io n  (4 -32 )  i n t o  E q u a t io n  (4 -31 )  and s i m p l i f y i n g  
y i e l d s
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£ (z )  « ( l + v ) a  £  [Anr n e in0 + Bnr “ n e” 1"6 ]  (4 -33)
n=l
Making use  o f  th e  complex v a r i a b l e  z ,  which i n  p o l a r  c o o r d i n a t e  can 
be w r i t t e n  a s ,
i0z = r
and
dz = i r e i 9 d0 (4 -34)
and s u b s t i t u t i n g  i n t o  E q u a t io n  ( 4 - 3 3 ) ,  one can v e r i f y  t h a t
0 i f  n t  - 1J f ( z ) d z  = (4 -35)
2rri i f  n = - 1
Comparison o f  E q u a t io n s  (4 -35 )  and (4 - 9 )  i n d i c a t e s  t h a t  t h e  on ly
te rm i n  E q u a t io n  (4 -3 0 )  t h a t  p roduces  d i s l o c a t i o n  and t h e r e f o r e  th e
nonaxisymmetr ic  th e rm a l  s t r e s s e s  i s
B
T'  = cos  Q (4-36)
I n  o r d e r  to  o b t a i n  t h e  s t r e s s e s ,  the  s o l u t i o n  o f  t h e  d i s p la ce m e n t
p o t e n t i a l ,  Y, and t h e  Airy s t r e s s  f u n c t i o n ,  cp, must be o b t a i n e d  f i r s t .  • 
The s t r e s s e s  can t h e n  be c a l c u l a t e d  u s in g  E q u a t io n  ( 2 - 1 5 ) .
The d i s p l a c e m e n t  p o t e n t i a l  can be o b t a in e d  by s o l v i n g  E q u a t io n
( 2 - 1 1 ) .  S u b s t i t u t i n g  f o r  T i n  E q u a t io n  (2 -1 1 )  y i e l d s
. 2 .  _  t f a  . 1 3Y . 1 32  ̂ 1+y B1 . . .  . . .
The s o l u t i o n  can  be assumed to  have th e  f o l l o w i n g  form
Y = f(r) cos 0 (4-38)
S u b s t i t u t i n g  E q u a t io n  (4 -3 8 )  i n t o  Equa t ion  (4 -3 7 )  g iv e s
<«»>
The s o l u t i o n  o f  which i s
f ( r )  = 01 r  [% log  r  -  %] (4 -40 )
T h e r e f o r e
¥ ( r , 0 )  = - j j~  O' r  [% log  r  -  %] cos 0 (4 -41)
The s o l u t i o n  o f  t h e  A i ry  s t r e s s  f u n c t i o n  from E q u a t io n  (2 -14)  i s  
g iv e n  by [30]
cp(r ,0 )  = (Ar^ + - |)  cos  0 (4 -42 )
where A and B a r e  t h e  c o n s t a n t s  o f  i n t e g r a t i o n  t o  be de te rm ined  from 
th e  boundary  c o n d i t i o n s .  Having th e  s o l u t i o n  f o r  Y and cp t h e  
s t r e s s e s  can  be  c a l c u l a t e d  from th e  fo l l o w i n g  e q u a t i o n s
t
r “ B0:r  +  h  h )  <■* -  2GV>
a 2
a 0 = — 2 (cp -  2GY) (4 -4 3 )
dr
aT = - d r 2G*>]
S u b s t i t u t i n g  from E q u a t io n s  (4 -41 )  and (4 -42 )  i n t o  (4 -43 )  and 
p e r fo rm in g  t h e  d i f f e r e n t i a t i o n ,  t h e  r e s u l t  becomes
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a 0 = [6 A r  + -  I ± ^  _ T j  Cos 0 (4-45)
r
T = [ 2Ar - 2 2  .  f ! ! l ‘
L r 3 1-v r  . S in  0 (4 -46)
The c o n s t a n t s  A and B may be c a l c u l a t e d  c o n s i d e r i n g  th e  fo l lo w in g  
boundary  c o n d i t i o n s
c t  =  0 c t  =  0r  r
(4 -47)
r  = a r  = b
T h i s  y i e l d s
2B =  ̂ -— -x  Go-B1-v 2 2 W "1a +b
1+v 1
2A "  “ 2 ^ 2  ^ 1  a  +b
(4-48)
S u b s t i t u t i n g  E q u a t io n  (4 -4 8 )  i n t o  Eq u a t io n s  (4 -44 )  th rough  (4 -46)  
and s i m p l i f y i n g ,  y i e l d s
_2, , , 2,Eof r ( l  -  - ^ Y l  -  Cos 0 (4 -49)
r  r
2 2 2 2x
'(X r  a +b a b \ „  „ „ , ,  r „ s
0 -  2 ( 1 ^ )  ” 2 7 2  ( 3 -    — > 1  Cos 9 <4- 50>v '  a +b r  r
2W u2.Ect - -T =
r  2 ( 1 - v )  a 2+b2
Ea
CT_ =
2 ( l - v )  a 2+b2 ( l  - - ^ ( l  -  ~ 2 S in  0 (4 -51)
T o t a l  S t r e s s e s
As d i s c u s s e d  above ,  the  t o t a l  s t r e s s e s  due to  the  t e m p e ra tu re  
d i s t r i b u t i o n  g iv en  by E q u a t io n  (4 -14)  can  be o b t a in e d  by super im pos ing  
t h e  s t r e s s e s  due t o  the  ax isym m etr ic  and nonaxisymmetr ic  p a r t s  o f  the  
t e m p e r a t u r e .  I n  o t h e r  words ,  add ing  Eq u a t io n s  (4 -28 )  and (4 -29 )  to
(4 -49 )  and (4 -50 )  would y i e l d  e x p r e s s i o n s  f o r  a comple te  s e t  of  
s t r e s s e s  i n  the  c y l i n d e r  due to  th e  t e m p e ra tu re  g iven  by E q u a t io n  
(4 -14 )  and s u b j e c t e d  to  th e  boundary  c o n d i t i o n s  g iv e n  by E qua t ion  
( 4 - 4 7 ) .  The r e s u l t s  a re
The a x i a l  s t r e s s ,  a  , can be c a l c u l a t e d  from E q u a t io n  (4 -16 )  and i sz
g iv en  by
C o n s id e r i n g  the  case  1 boundary  c o n d i t i o n s ,  F ig u re  ( 3 - 1 ) ,  th e  
above s t r e s s e s  a r e  p l o t t e d  i n  F ig u re  ( 4 - 1 ) ,  ( 4 - 2 ) ,  and ( 4 - 3 )  f o r  t h e  
upper  h a l f  o f  th e  c y l i n d e r .  The s t r e s s e s  i n  the  lower h a l f  a r e  the  
same as th e  upper  h a l f .  The p la n e  of  symmetry i s  shown i n  F igu re  
( 3 - 1 ) .  The s h e a r i n g  s t r e s s  i s  maximum a t  0 = — . The obvious  r e a s o n  
i s  t h e  te rm  s i n  0 in  E q u a t io n  ( 4 - 5 4 ) .  The l a r g e r  t e m p e ra tu re  






s t r e s s e s  a t  0 = 180°.  The s t r e s s  v a r i a t i o n  a long  th e  r a d i u s  a r e  shown
by s e p a r a t e  c u rv e s  a t  r / a  = 1 .0 ,  1 . 1 ,  1 . 2 ,  1 . 3 ,  1 .4  and 1 .5 .  The 
s h e a r i n g  and r a d i a l  s t r e s s e s  a r e  zero  on the  i n s i d e  and o u t s i d e  
r a d i i  o f  th e  c y l i n d e r .
Creep S t r e s s  R e l a x a t i o n
The s t r e s s e s  o b t a i n e d  i n  th e  p r e c e e d in g  s e c t i o n  a r e  t h e  i n i t i a l  
th e rm a l  s t r e s s e s  and a r e  c o r r e c t  a t  t im e  e q u a l  z e r o .  For any t ime 
g r e a t e r  th a n  z e r o ,  they  w i l l  r e l a x  under c r e e p  d e f o r m a t io n ,  and as 
t ime i n c r e a s e s  th e  s t r e s s e s  w i l l  d e c r e a s e .
In  o r d e r  t o  f i n d  th e  d e c r e a s e  i n  s t r e s s e s  due t o  r e l a x a t i o n  
one has to  o b t a i n  t h e  r e l a t i o n  between t h e  e f f e c t i v e  s t r e s s  and 
e f f e c t i v e  s t r a i n .  As d i s c u s s e d  i n  Chap te r  I I ,  th e  r a t i o  o f  th e  
e f f e c t i v e  s t r a i n  t o  e f f e c t i v e  s t r e s s  i s  a  c o n s t a n t .  To o b t a i n  t h i s  
c o n s t a n t  one must  u se  E q u a t io n s  (2 -18)  and (2 -19 )  f o r  t h e  c a s e  o f  
p la n e  s t r a i n ,  which a r e
where
(ct -̂KTq ) J + aT = c o n s t a n t (4 -58 )
(4-59)
49
S u b s t i t u t i n g  t h e  above e q u a t i o n s  i n t o  E q ua t ions  (4 -56 )  and (4 -57)  
and u s i n g  th e  s t r a i n - s t r e s s  r e l a t i o n  ( 2 - 1 ) ,  Eq u a t io n s  (4 -56)  and 
(4 -57 )  beqome,
e* -  K + a r  - Ve + *2f  (4 - 60)
J.
a *  = | ct2 + a 2 -  CTr a Q + 3t 2]  (4 -61)
where the  e f f e c t i v e  s t r a i n  i s  e v a l u a t e d  i n  terms o f  s t r e s s e s .  A 
com par ison  between E q u a t io n  (4 -60 )  and (4 -61)  r e v e a l s
e* = 2 ^3£V  ̂ CT* (4-62)
Now, one c an  d e te rm in e  th e  r e l a x a t i o n  t ime u s i n g  t h e  above 
e q u a t i o n .  In  g e n e r a l ,  t h e  t o t a l  s t r a i n  o f  a body i s  the  sum o f  the  
e l a s t i c  and c r e e p  s t r a i n s ,  i . e . ,
i = e + e (4 -63)t o t a l  e c
where and a r e  t h e  e l a s t i c  and c r e e p  s t r a i n s  r e s p e c t i v e l y .  In  
t h e  c a s e  o f  a m u l t i a x i a l  s t r e s s  f i e l d ,  th e  above e q u a t i o n  may be 
w r i t t e n  i n  te rms  o f  the  e f f e c t i v e  s t r a i n s  a s ,
e* = e* + e* (4 -64)t o t a l  e c
Taking  t h e  t ime  d e r i v a t i v e  o f  b o th  s i d e s
d * d * , * * / ,  ̂r- \—— e , = ~r~ e + 6  (4 -65 )d t  t o t a l  d t  e c
N o t ing  t h a t  the  t o t a l  s t r a i n  i n  t h i s  c a s e  i s  always c o n s t a n t ,
d *—  e = 0 ,  one may conc luded t  t o t a l  * J
50
d * • *
e = - e (4 -66 )d t  e c
S u b s t i t u t i n g  from E q u a t io n  (4 -62 )  i n t o  t h e  above e q u a t i o n ,  y i e l d s
2 1-K> dcr* •* n
 Sc • (4' 67)
P rov ided  t h a t  t h e  r e l a t i o n  be tween r a t e  o f  c r e e p  s t r a i n  and s t r e s s e s  
i s  known, one can  i n t e g r a t e  t h e  above e q u a t i o n  to  o b t a i n  th e  r e l a t i o n  
f o r  s t r e s s  r e l a x a t i o n .  I n  Chap te r  I I  t h e  c o n s t i t u t i v e  e q u a t i o n s  of  
c r e e p  were d i s c u s s e d .  The most commonly used r e l a t i o n s h i p  between 
th e  c re e p  r a t e  and s t r e s s  i s  
. n
• *  *  . Ve = B ct (4 -68)c
where B i s  a c o n s t a n t  b u t  n may o r  may no t  v a r y  w i th  t e m p e r a t u r e ,  
depending  upon the  a l l o y  o r  m e ta l  which i s  b e in g  c o n s i d e r e d .  The
above e q u a t i o n  i s  w r i t t e n  f o r  a  complex s t a t e  o f  s t r e s s e s .
S u b s t i t u t i n g  E q u a t io n  (4 -6 8 )  i n t o  (4 -67)  and i n t e g r a t i n g  y i e l d s ,
a * ( l - n )  +  Ci = - |  B E t  (4 -69)
where i s  t h e  c o n s t a n t  o f  i n t e g r a t i o n .  The i n i t i a l  c o n d i t i o n  i s  
t h a t  th e  e f f e c t i v e  s t r e s s  i s  eq u a l  to  the  i n i t i a l  t h e r m o e l a s t i c  




t  = 0
Apply ing  th e  i n i t i a l  c o n d i t i o n ,  becomes
C1 = -  CT* (1“ n) (4 -71 )1 o
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S u b s t i t u t i n g  in  E q u a t io n  (4 -69 )  and s o l v i n g  f o r  t ime t ,  one o b t a i n s
= 2 ( l + v )  fa * ( l - n )  .  * ( l - n ) ”| „
3BE(l -n )  L o J  ^  , l >
Using E q u a t io n  ( 4 - 6 1 ) ,  the  above e q u a t i o n  may be r e w r i t t e n  i n  terms
o f  s t r e s s e s  as  fo l l o w s
1-n
* _ 2 ( 1+v) r / 2  ^ 2 ^ , 2 \  2
3BE(l -n )  L \  0 r  “ CTr  CT0 o /o o o o
1-n
-  (ct2 +  ct2 -  a  a  +  3t 2 )  2 1 (4-73)\  0  r  r  0  /  _j
where , ct and t a r e  th e  known i n i t i a l  t h e r m o e l a s t i c  s t r e s s e s  0 r  oo o
a t  t  = 0 ,  and ct„, ct and t  a r e  t h e  r e l a x e d  s t r e s s e s  a t  any o t h e r  t ime  ’ 0 r
t .  For any g iv en  t im e  t h e  above e q u a t i o n  can  be so lved  s im u l t a n e o u s ly  
w i t h  t h e  f o l l o w i n g  e q u i l i b r i u m  e q u a t i o n s
dCTr  1 9t CTr “CTfl
<2- 4 >
I 1 +  -  xS®- +  —  = 0 (2 -5 )Sr  r  S0 r
f o r  the  t h r e e  unknowns a ^ , CTg and T. Here t h e  body f o r c e s  a r e  assumed 
to  be z e r o .
I t  i s  n o t i c e d  t h a t  E q u a t io n s  ( 4 - 7 3 ) ,  ( 2 - 4 )  and (2 -5 )  form a non­
l i n e a r  s e t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  which i n  g e n e r a l  i s  no t  
e a s y  to  s o l v e .  The p u rp o se  o f  t h i s  d i s s e r t a t i o n  i s  t o  p r e s e n t  a 
r e l a t i v e l y  g e n e r a l  and s im p le  n u m e r ic a l  t e c h n i q u e  t o  c a l c u l a t e  t h e  
s t r e s s e s  v e r s u s  t im e .  T h i s  method i s  b a s i c a l l y  an i t e r a t i v e  t e c h n i q u e  
which converges  r a p i d l y  t o  a  s o l u t i o n .  I n  th e  f o l l o w i n g  s e c t i o n ,  t h e  
method i s  d e s c r i b e d  i n  d e t a i l .
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Numerica l  S o l u t i o n
As any o t h e r  n u m e r ic a l  schemes,  t h i s  method r e q u i r e s  d i v i d i n g  t h e  
, s o l u t i o n  r e g i o n  i n t o  some sm a l l  f i n i t e  r e g i o n s  and lumping th e  
d e s i r e d  p r o p e r t i e s  on th e  c e l l ' s  c o r n e r s .  In  c o n n e c t io n  w i th  th e  
f i n i t e  r e g i o n s  th e  g o ve rn ing  e q u a t i o n s  must be w r i t t e n  i n  f i n i t e  
d i f f e r e n c e  form so t h a t  t h e  p r o p e r t i e s  o f  th e  c e l l ' s  c o r n e r s  a r e  
r e l a t e d  t o  each o t h e r  th ro u g h  t h e  g o v e rn in g  e q u a t i o n s .  Then, 
d epend ing  on whether  an i n i t i a l  o r  boundary  v a l u e  problem i s  r e q u i r e d  
t o  be s o l v e d ,  t h e  i n i t i a l  o r  boundary  c o n d i t i o n s  a r e  employed to  
s t a r t  t h e  c o m p u ta t io n a l  scheme. Almost a l l  th e  n u m e r ic a l  methods i n  
mechanics  f o l l o w  t h i s  p a t t e r n .  The n u m e r ic a l  s o l u t i o n  o f  t h e  g o v e rn in g  
e q u a t i o n s  over  t h e  c e l l  c o r n e r s  and th e  way t h a t  t h e  i n i t i a l  o r  
boundary  c o n d i t i o n s  a r e  fed  i n  i s ,  i n  f a c t ,  t h e  s u b j e c t  o f  d i f f e r e n t  
n u m e r ic a l  methods.
Accord ing  to  t h i s  method, t h e  c r e e p  r e l a x a t i o n  o f  a member 
s u b j e c t e d  t o  a  load  can  be o b t a i n e d  p ro v id e d  t h a t  t h e  i n i t i a l  t h e rm a l  
o r  m e ch a n ic a l  s t r e s s e s  a r e  known. A g e n e r a l  p ro c e d u re  o f  t h i s  method 
i s  d e s c r i b e d  below and ,  l a t e r ,  i s  a p p l i e d  t o  th e  c r e e p  r e l a x a t i o n  o f  
a  t h i c k - w a l l e d  c y l i n d e r  s u b j e c t e d  t o  th e rm a l  s t r e s s e s  c o r r e s p o n d i n g  
t o  th e  t e m p e r a t u r e  d i s t r i b u t i o n  g iv e n  i n  C hap te r  I I I .
G e n e ra l  P ro ced u re
The fo l l o w i n g  n in e  s t e p s  must be fo l low ed  to  o b t a i n  t h e  c r e e p  
r e l a x a t i o n  i n  a  member s u b j e c t e d  t o  th e rm a l  o r  m echan ica l  s t r e s s e s .
The method i s  d e s c r i b e d  f o r  a  two d im e n s io n a l  problem i n  p o l a r  
c o o r d i n a t e s ,  b u t  t h e  r e s u l t s  can  be r e a d i l y  ex tended  to  any o t h e r  type  
o f  p rob lem .  For e a sy  r e f e r e n c i n g  one may c a l l
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1 -  D iv id e  t h e  s o l u t i o n  r e g i o n  i n t o  M and N in c rem en t s  i n  t h e  r a d i a l
and t a n g e n t i a l  d i r e c t i o n s  r e s p e c t i v e l y .  By c o n n e c t in g  th e  
in c re m en t s  a mesh o f  MXN c e l l s  w i l l  be o b t a i n e d .
2 -  C a l c u l a t e  t h e  i n i t i a l  t a n g e n t i a l  s t r e s s ,  ST , a t  t h e  noda l
° i  > j
p o i n t s  i , j . S T Q must be known i n  advance e i t h e r  a n a l y t i c a l l y  or  
n u m e r i c a l l y .
3 -  S e t  th e  boundary  c o n d i t i o n s  f o r  SR and SS.
4 -  Assume t h a t  t h e  t a n g e n t i a l  s t r e s s  has  r e l a x e d  p e r c e n t  i n
a l l  t h e  no d a l  p o i n t s ,  t h u s  t h e  f i r s t  a p p ro x im a t io n  f o r  th e
r e l a x e d  t a n g e n t i a l  s t r e s s e s  would be
where a . . i s  assumed to  be a s m a l l  c o n s t a n t  and e q u a l  f o r  a l l
t h e  no d a l  p o i n t s  a t  t h i s  s t a g e .
5 -  Based on ST. . o b t a in e d  i n  s t e p  4 ,  c a l c u l a t e  SR. . and SS. .
i , J  v  I' .J i » J
from th e  e q u i l i b r i u m  e q u a t i o n s .  An i t e r a t i v e  t e c h n i q u e  may be 
used  i n  t h i s  s t e p  which i n i t i a l l y  assumes SS. . = 0 f o r  a l l  th e  
no d a l  p o i n t s  and from t h e  second o f  th e  e q u i l i b r i u m  e q u a t i o n ,  
i . e .
ST. . = (1-0'.  . )  ST 
i>J  o
(4 -7 5 )
5 SS 1 5 ST 2 SS 
d r  r  90 r (2-5)
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C a l c u l a t e  th e  new SS. . .  The v a lu e s  o f  ST. . a r e  known from the
s t e p  2. T h i s  i s  th e  f i r s t  a p p ro x im a t io n  f o r  SS^ With t h e s e
app rox im a te  v a l u e s  t h e  second and more a c c u r a t e  v a l u e s  a r e
o b ta in e d  from th e  above e q u a t i o n ,  and t h e  i t e r a t i o n  p ro c e d u re
i s  c o n t in u e d  u n t i l  th e  v a l u e s  o f  SS. . converge f o r  a l l  t h e
no d a l  p o i n t s .  Then, knowing ST. . and SS. . ,  t h e  f i r s t  o f  the
1 > J 1 > J
e q u i l i b r i u m  e q u a t i o n
3 S E  + 1 c y s  J S ^ J S T  =
o r  r  90 r  v 7
i s  used t o  c a l c u l a t e  SR^  ̂ . The p ro c e d u re  i s  e x a c t l y  t h e  same
as  th e  c a l c u l a t i o n  o f  SS. . ,  t h a t  i s ,  t o  f i r s t  s e t  SR. . = 0 f o r
a l l  t h e  no d a l  p o i n t s  and c a l c u l a t e  SR^ from th e  above e q u a t i o n .
Then, c o n t i n u e  i t e r a t i o n  u n t i l  t h e  v a l u e s  o f  SR. . conve rge .  The
1 9 J
c r i t e r i o n  f o r  t h e  convergence  o f  SS. . and SR. . i s  th e  s m a l ln e s s
o f  d i f f e r e n c e  be tween th e  c a l c u l a t e d  s t r e s s e s  a t  each s t e p  o f
i t e r a t i o n  and t h e  ones from p r e v i o u s  s t e p s .  I t  should  be
mentioned t h a t  t h e  f i n a l  v a l u e s  o f  SR. . and SS. . a t  t h i s
i» J  i . J
s t e p  c o r r e s p o n d s  to  t h e  f i r s t  a p p ro x im a t io n  f o r  ST^  ̂ o b ta in e d  
i n  s t e p  4.
6 -  S u b s t i t u t e  ST. . o b t a i n e d  i n  s t e p  2 and SR. . and SS. . c a l c u l a t e d
i» J  i>J
i n  s t e p  5 i n t o  E q u a t io n  (4 -7 3 )  and c a l c u l a t e  t ^   ̂ .
7 -  I f  a l l  t h e  t . . 1s ( i  = 1,2 . . . ,  M and j  = 1,2 . . . ,  N) a r e  e q u a l ,
1 »J
t h e n  th e  assumed O', . ' s  f o r  a l l  the  p o i n t s  has been  c o r r e c t  and 
t h e  c a l c u l a t e d  s t r e s s e s  a r e  t h e  r e l a x e d  s t r e s s e s  a f t e r  t ime t .  . ,
8 -  I f  any one o f  t h e  t .  , ' s  i s  d i f f e r e n t  from t h e  o t h e r s ,  th e
c a l c u l a t e d  s t r e s s e s  a r e  n o t  t h e  c o r r e c t  r e l a x e d  s t r e s s e s  and new 
v a l u e s  o f  a .  . a r e  c a l c u l a t e d  from
55
new o ld  1 ,1  „  , no'. , = a .  . ---- *— (4 -7 6 )
i » j  i- , j  t
L  J J
where  ̂ i s  th e  c a l c u l a t e d  t ime f o r  th e  no d a l  p o i n t  ( 1 , 1 ) .
The new v a l u e s  o f  a .  . w i l l  be used i n  s t e p  4 and th e  c y c l e
i s  r e p e a t e d  u n t i l  a l l  t h e  ^  ^ ' s  a r e  e q u a l .  The convergence
c r i t e r i o n  i s  t h a t  t h e  d i f f e r e n c e  be tween a l l  t h e  t .  , ' s  must be
w i t h i n  a  sm a l l  t o l e r a n c e .  At t h i s  s t a g e ,  t h e  r e l a x e d  s t r e s s e s
a r e  o b t a in e d  f o r  t h e  f i r s t  t i m e - s t e p .
9 -  The i n i t i a l  s t r e s s e s  a r e  t h e n  r e p l a c e d  by th e  r e l a x e d  s t r e s s e s
a f t e r  the  f i r s t  t i m e - s t e p ,  o b t a in e d  i n  s t e p  7,  and th e  same 
c y c l e  i s  r e p e a t e d  from s t e p  4 t o  o b t a i n  t h e  c r e e p  s t r e s s  
r e l a x a t i o n  f o r  th e  second t i m e - s t e p .  T h i s  p ro c e d u re  i s  r e p e a t e d  
u n t i l  t h e  d e s i r e d  r e l a x a t i o n  t im e  o r  s t r e s s e s  i s  r e a c h e d .
The method d e s c r i b e d  above can  be g e n e r a l i z e d  to  any one o r  two 
d im e n s io n a l  p roblem i n  any system o f  th e  c o o r d i n a t e s .  I t  has been 
used  [25]  t o  o b t a i n  th e  c r e e p  s t r e s s  r e l a x a t i o n  of  a t h i c k - w a l l e d  
c y l i n d e r  s u b j e c t e d  t o  ax isym m etr ic  th e rm a l  s t r e s s e s .  I n  t h e  f o l l o w i n g  
t h i s  method has been  used to  c a l c u l a t e  th e  c re ep  s t r e s s  r e l a x a t i o n  
of  a t h i c k - w a l l e d  c y l i n d e r  s u b j e c t e d  to  nonaxisymmetr ic  th e rm a l  
s t r e s s e s .
Creep  S t r e s s  R e l a x a t i o n  i n  a N onsym m etr iea l ly  Heated C y l in d e r
C o n s id e r  t h e  t h i c k - w a l l e d  c y l i n d e r  shown i n  F ig u r e  ( 3 - 1 ) .  The 
t e m p e r a t u r e  d i s t r i b u t i o n  o f  t h e  c y l i n d e r  i s  g iv en  by E q u a t io n  ( 4 - 1 4 ) .
The c o r r e sp o n d i n g  i n i t i a l  t h e rm a l  s t r e s s e s  a r e  g iv e n  by E q u a t io n  ( 4 - 5 2 ) ,  
( 4 - 5 3 ) ,  (4 -54)  and ( 4 - 5 5 ) .  To re d u c e  t h e  number o f  t h e  no d a l  p o i n t s  
and th u s  t h e  c a l c u l a t i o n  t im e ,  the  advan tage  o f  th e  p la n e  o f  symmetry
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i s  u t i l i z e d  by c o n s i d e r i n g  on ly  the  upper h a l f  o f  the  c y l i n d e r ,  as 
shown i n  F ig u r e  ( 3 - 1 ) .  To f in d  th e  r e l a x e d  c re e p  s t r e s s e s ,  one may 
p roceed  as fo l lo w s :
1 -  The h a l f  c y l i n d e r  i s  d iv id e d  i n t o  r a d i a l  and t a n g e n t i a l  in c rem en ts
and, by c o n n e c t in g  them, i n t o  a  mesh o f  c e l l s .
2 -  The i n i t i a l  t a n g e n t i a l  s t r e s s ,  ct0 g iv e n  by E q u a t io n  (4 -53)  i s
0
c a l c u l a t e d  a t  a l l  t h e  no d a l  p o i n t s  and saved i n  t h e  m a t r ix  
STo. .
3 -  The boundary  c o n d i t i o n s  a r e  s e t  as fo l low s
SR(a ,0)  = SR(b ,9 )  = 0
S S (a ,9 )  = SS(b ,0 )  = 0 (4 -77 )
SS(r ,0 )  = SS(r,TT) = 0
where a and b a r e  t h e  i n s i d e  and o u t s i d e  r a d i i .  The f i r s t  and 
second o f  E q u a t io n  (4 -77 )  s t a t e  t h a t  no e x t e r n a l  load  a c t s  on t h e  
i n s i d e  and o u t s i d e  b o u n d a r i e s ,  and th e  t h i r d  e q u a t i o n  i s  t h e  
r e s u l t  o f  symmetry abou t  th e  a x i s  x -x .
4 - An i n i t i a l  v a lu e  f o r  ot. . i s  assumed and t h e  new t a n g e n t i a l  s t r e s s e s
a r e  c a l c u l a t e d  from
ST. . = (l-c*. .)  ST (4 -75 )
1 » J 1 > j
> J
5 -  Using th e  above v a l u e s  f o r  ST. . ,  SR. . and SS. . a r e  c a l c u l a t e d
i»3 J->J
from th e  e q u i l i b r i u m  e q u a t i o n s .  In  w r i t i n g  th e  e q u i l i b r i u m  
e q u a t i o n s  in f i n i t e  d i f f e r e n c e  form th e  fo l l o w i n g  method i s  u sed .
Suppose t h a t  th e  v a l u e  o f  the  s h e a r i n g  s t r e s s  i s  g iv e n  a t  
the  p o i n t  ( i - l , j ) ,  as shown i n  F ig u r e  ( 4 - 4 ) .  The s h e a r i n g  s t r e s s
a t  th e  p o i n t  ( i , j )  i s  then
SS. . = SS. . . + A SS (4-78
i , J  i - l , J
where A SS i s  c a l c u l a t e d  from th e  e q u i l i b r i u m  e q u a t i o n .  Using 
E q u a t io n  ( 2 - 5 ) ,  i t  can be shown t h a t
o f  th e  q u a n t i t i e s .  W r i t i n g  t h i s  e q u a t i o n  i n  t h e  f i n i t e  d i f f e r e n c e  
form and u s in g  an average  t e c h n i q u e  around th e  p o i n t  ( i , j ) ,  one 
o b t a i n s  th e  f o l l o w i n g  e q u a t i o n
The above e q u a t i o n  i n  c o n j u n c t i o n  w i th  E q u a t io n  (4 -78)  g iv e s  t h e
v a l u e  o f  SS. . p ro v id e d  t h a t  t h e  v a lu e  o f  SS. , . i s  known. 
i , J  i - l . J
T h e r e f o r e ,  s t a r t i n g  from th e  boundary ,  where t h e  v a l u e  o f  t h e
s h e a r i n g  s t r e s s  i s  known, one can  f i n d  SS. . f o r  a l l  t h e  noda l
i , J
p o i n t s  i n s i d e  t h e  r e g i o n .
A f t e r  c a l c u l a t i n g  th e  s h e a r i n g  s t r e s s  a t  a l l  t h e  p o in t s ,  and
knowing ST. . ,  t h e  r a d i a l  s t r e s s  can be c a l c u l a t e d .  Assume 
i , J
SR . i s  known, th us
(4 -7 9 )
where th e  symbol B i s  r e p l a c e d  by A to  show f i n i t e  d i f f e r e n c e
Ar STi - l , j + l
" A0 (4 -8 0 )
SR. SR + ASR (4-81)
From t h e  f i r s t  o f  t h e  e q u i l i b r i u m  e q u a t i o n  one o b t a i n s
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A ASS. . SR, . ST, .
—   i l l  _  A y  — L i  J .  Ay-  i l lASR = -  ■ -----=*+ -  r ^  + r  u  (4 -8 2 )A0 r  r  r
Using th e  same av erage  t e c h n i q u e  as i n  E q u a t io n  ( 4 - 8 0 ) ,  the  above 
e q u a t i o n  can  be w r i t t e n  i n  t h e  f i n i t e  d i f f e r e n c e  form as
A t - S S ’ 1 * 0 . 1  “  S S - 1 • T +  S S - - j . 1  "  s s - - 1ASR = -  —  __ _____________ r - 1 , J - l  1,3+1 1 ,3 - 1
A0 2 ( r .  , + r . )l - l  l
SR.  . . + SR.  . ST.  . . + ST.  .
- Ar  — + Ar  — ( 4- 83)  i . i + i .  i . i + r .l - 1 i  l - 1 i
where ,  a g a i n ,  i f  t h e  v a lu e  of  SR. . . i s  known, SR, . can  be
i - 1»J i , J
c a l c u l a t e d  from E q u a t io n  (4 -8 1 )  u s i n g  the  above e q u a t i o n .
6 -  The r e l a x a t i o n  t im es  f o r  e ach  no d a l  p o i n t  based  on t h e  a r b i t r a r y
i n i t i a l  v a l u e s  o f  a .  . choosen  i n  s t e p  4 ,  a r e  c a l c u l a t e d  u s in g
i , J
E q u a t io n  (4 -73 )
t . . = i [(ST 2 + SR 2 -  SR ST +  3SS 2 ) " T ”i , j  3BE(l -n)  LA o.  . o.  . o.  . o.  . o .  . /
i » J  i>J  i , 3  i , J
1-n
-  fS T . 2 . + SR.2 . -  SR. .ST. . + 3SS.2 . )  2 1 (4 -84 )
\  i»3 i»J  i>J i , J  i , J /  J
where ST , SR and SS a r e  c a l c u l a t e d  f o r  each  p o i n t  
o . . o . . o . . r
i>J  i . J  i , J
u s i n g  E q u a t io n s  ( 4 - 5 2 ) ,  (4 -53 )  and ( 4 - 5 4 ) .
7 -  I f  a l l  th e  t_̂  ^ ' s  o b ta in e d  from th e  above e q u a t i o n  a r e  e q u a l ,  then
th e  assumed v a l u e s  o f  a . . a r e  co r rec t - .  B u t ,  u s u a l l y ,  i n  t h e
i , J
f i r s t  i t e r a t i o n ,  where a;. . a r e  e q u a l ,  t ,  . a r e  n o t  e q u a l .
1 j J
8 - I f  t h e  t .  , ' s  a r e  not e q u a l ,  new v a l u e s  o f  cv. . a r e  c a l c u l a t e d
from th e  f o l l o w i n g  e q u a t i o n
^new = ^ o ld  h j .  (4 -76 )
1>j  1>j t  .
9 J
The new v a l u e s  o f  or, . from th e  above e q u a t i o n  a r e  s u b s t i t u t e d
i>J
in  E q u a t io n  (4 -7 5 )  to  c a l c u l a t e  th e  new v a l u e s  o f  ST. . .  The
p ro ced u re  i s  i t e r a t e d  as d e s c r i b e d  above u n t i l  the  c o r r e c t
r e l a x e d  s t r e s s e s  a r e  o b t a i n e d .  The c o r r e s p o n d i n g  t ^  j ' s » which
a re  a l l  e q u a l  w i t h i n  a  sm a l l  t o l e r a n c e ,  a r e  t h e n  t h e  f i r s t  t ime
s t e p  and f o r  th e  nex t  t ime s t e p  t h e  p ro c e d u re  i s  s t a r t e d  from
s t e p  2 by c o n s i d e r i n g  t h a t  ST = ST. . .
° i j j  1 , J
The r e s u l t s  o f  t h i s  method have been  p l o t t e d  and d i s c u s s e d  i n  
t h e  nex t  c h a p t e r .  V ar ious  changes  i n  th e  p a r a m e te r s  have been  t r i e d  
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Figure 4-3. Distribution of the Initial Shearing Stress
i ,  j+1
F ig u r e  4 - 4 .  F i n i t e  D i f f e r e n c e  Arrangement o f
th e  Nodal P o i n t s
CHAPTER V
RESULTS
The n u m e r ic a l  s o l u t i o n  d e s c r i b e d  i n  t h e  p r e v i o u s  c h a p t e r  i s  
a p p l i e d  and d i s c u s s e d  i n  t h i s  c h a p t e r .  Three  d i f f e r e n t  examples  a re  
worked ou t  and th e  convergence  o f  t h e  method has been  d i s c u s s e d .
Numerical  Example
In  C h ap te r  IV t h e  n u m e r ic a l  method o f  s o l v i n g  t h e  c r e e p  s t r e s s  
r e l a x a t i o n  i n  th e  s t r u c t u r a l  members was d i s c u s s e d .  To a p p ly  t h e  
t e c h n i q u e ,  t h e  f o l l o w i n g  example i s  c o n s i d e r e d .
A s t a i n l e s s  s t e e l  t h i c k - w a l l e d  c y l i n d e r  w i th  a r a t i o  o f  o u t e r  
t o  i n n e r  r a d i i ,  —, o f  1 .5  and th e  f o l l o w i n g  m a t e r i a l  p r o p e r t i e s
Si
E = 28 x 106
a  = .65 x 10"5 (5 -1 )
v = .3
i s  c o n s i d e r e d .  The t e m p e r a t u r e  d i s t r i b u t i o n  o f  c a s e  1, g iv e n  by 
E q u a t io n  (3 -32 )  i s  s e l e c t e d  w i th  T^ = 1275, T^ = 1225 and T^ = 1300°F. 
The a n g le  3 i s  t a k e n  to  be 65 d e g r e e s .  Due to  p l a n e  o f  symmetry,  as 
shown i n  F ig u r e  ( 3 - 1 ) ,  o n ly  h a l f  o f  t h e  c y l i n d e r  i s  c o n s i d e r e d .  The 
domain i s  d iv id e d  i n t o  10 r a d i a l  and 24 c i r c u m f e r e n t i a l  i n c r e m e n t s .
To o b t a i n  t h e  c r e e p  s t r e s s  r e l a x a t i o n  o f  th e  c y l i n d e r ,  t h r e e  
c o n d i t i o n s  a r e  c o n s i d e r e d .  These c o n d i t i o n s  a r e  d e s c r i b e d  i n  d e t a i l  
i n  t h e  f o l l o w i n g  s e c t i o n s .
64
A -  I t  was assumed t h a t  the  i n s i d e  and o u t s i d e  p r e s s u r e s  a r e  
z e ro  and t h a t  o n ly  t h e  th e r m a l  s t r e s s e s  e x i s t .  F u r t h e r ,  i t  was 
assumed t h a t  th e  m a t e r i a l  c r e e p  c o n s t a n t  n ,  i n  E q u a t io n  ( 4 - 6 8 ) ,  
i s  in d e p en d e n t  o f  t e m p e r a t u r e .  Three  d i f f e r e n t  s e t s  o f  p l o t s  a r e  
o b t a i n e d  f o r  n = 2 ,  n = 3 and n = 5 .  The r a d i a l ,  t a n g e n t i a l  and 
s h e a r i n g  s t r e s s e s  a r e  p l o t t e d  f o r  t h e s e  n ' s .  They a r e  shown i n  
F i g u r e s (5 - 1 )  th ro u g h  ( 5 - 9 ) .  A l l  t h e  s t r e s s e s  a r e  made d im e n s io n le s s  
th ro u g h  d i v i s i o n  by EorT^, where T^ = |t ^ - 1 - The a c t u a l  t ime t
i s  r e p l a c e d  by a t ime p a ra m e te r  t  d e f i n e d  as
t  = t  EB(Ecd\ )n“ 1 (5 -2 )
P d
I n  a l l  t h e  f i g u r e s  t h e  c u rv e s  c o r r e s p o n d i n g  t o  t  = 0 show th e
i n i t i a l  t h e r m a l  s t r e s s e s ,  and t h e r e f o r e  t  >  0 shows th e  r e l a x e d
P
s t r e s s e s .
F ig u r e  (5 - 1 )  i s  th e  r e l a x a t i o n  o f  t h e  t a n g e n t i a l  s t r e s s  when 
n = 2.  The i n n e r  s u r f a c e  of  th e  c y l i n d e r  i s  under  com press ion  and 
t h e  o u t e r  s u r f a c e  under  t e n s i o n .  Also i t  can  be n o t i c e d  t h a t  crQ 
i n c r e a s e s  from 0 = 0 to  0 = 180°.  The r e a s o n  i s  t h a t  t h e  t e m p e ra t u re  
d i f f e r e n c e  i s  l a r g e r  a t  0 > 65° .  The r a d i a l  s t r e s s  ct , a cc o rd in g  to  
boundary  c o n d i t i o n s ,  i s  z e ro  on the  o u t s i d e  and i n s i d e  s u r f a c e s  o f
t h e  c y l i n d e r  and i s  co m p ress iv e  between t h e  two s u r f a c e s .  I t  has
i t s  maximum v a l u e  a t  0 = 180° f o r  the  same r e a s o n  as s t a t e d  f o r  a Q.U
The c r e e p  r a t e  o f  a i s  l a r g e r  i n  the  r e g i o n  o f  0 > 65° .  The s h e a r i n g
TTs t r e s s ,  which was o r i g i n a l l y  symmetric ab o u t  t h e  a x i s  0 = ^  > becomes
unsymmetr ic  and i t s  maximum v a l u e  t e n d s  t o  s h i f t  t o  t h e  l e f t  o f  t h e  
TTa x i s  0 = . The r e a s o n  f o r  t h i s  i s  t h e  p r e s e n c e  o f  a g r e a t e r
t e m p e r a t u r e  d i f f e r e n c e  i n  th e  r e g i o n  o f  0 >  65° which r e s u l t s  i n
l a r g e r  s t r e s s  c a u s in g  a l a r g e  c re e p  r a t e .  T h e re f o r e  th e  s t r e s s e s
i n  th e  range  0 > 65° r e l a x  more r a p i d l y .
I t  shou ld  be ment ioned t h a t  i n  the  above s e t  o f  s t r e s s
c a l c u l a t i o n s ,  ct_ , a  and t ,  t h e  r e l a x a t i o n  t im e  s t e p s  f o r  n = 2 a r e  y r
abou t  t e n  t im es  as  l a r g e  as th e  ones f o r  o t h e r  c a s e s .  Th is  i s  due
t o  t h e  i n i t i a l  v a l u e  o f  o'. . which was s e l e c t e d  as 0 . 1  f o r  n = 2
and 0 .0 1  f o r  o t h e r  n ' s .
The n e x t  s e t  o f  p l o t s ,  F ig u r e s  ( 5 - 4 ) ,  ( 5 - 5 ) ,  and ( 5 - 6 ) ,  show
t h e  r e l a x a t i o n  o f  ct , and T f o r  n = 3.  The same comments t h a tr  0
were made f o r  t h e  ca se  o f  n = 2 a r e  a l s o  v a l i d  f o r  t h i s  s e t .  The 
o n ly  d i f f e r e n c e  i s  t h a t  t h e  s t r e s s e s  r e l a x  f a s t e r  because  t h e  r a t e  
o f  c r e e p  i s  h i g h e r .  T h i s  e f f e c t  has  been  n o t i c e d  i n  b o th  r a d i a l  
and t a n g e n t i a l  d i r e c t i o n s  [ 2 5 ] .  On th e  s e t  o f  p l o t s  f o r  n = 5 ,
F ig u r e  ( 5 - 7 ) ,  ( 5 - 8 )  and ( 5 - 9 ) ,  t h i s  e f f e c t  i s  more c l e a r .  In  g e n e r a l ,  
f o r  t h e  m a t e r i a l s  o f  c o n s t a n t  n ,  t h e  s t r e s s e s  have a tendency  to  
b a l a n c e  each  o t h e r  and th e  s t r e s s  r e l a x a t i o n  i s  such t h a t  i n  a 
long  enough t ime most p a r t s  o f  th e  body, e x c e p t  n ea r  th e  r e g i o n  
where t h e  s t r e s s  changes  i t s  s i g n ,  w i l l  r e a c h  a p p ro x im a te ly  the  
same l e v e l .
B -  S i m i l a r  to  Case A, the  i n s i d e  and o u t s i d e  p r e s s u r e s  a r e  
z e ro  and th u s  t h e  on ly  a c t i n g  s t r e s s e s  a r e  t h e  th e rm a l  s t r e s s e s .  Here 
th e  p a ra m e te r  n i s  assumed to  be t e m p e ra t u re  dependent  d e f in e d  as 
fo l l o w s
“ i . j  = "1 + "2 (5 - 3)
where n^ and ^  a r e  two p o s i t i v e  c o n s t a n t s .  From the  above e q u a t i o n
i t  can  be n o t i c e d  t h a t  n. . has i t s  minimum v a lu e  when T. . = T„
i » J  2
and i n c r e a s e s  as  T, , app roaches  to T, and i s  maximum when T, . = T
1 i , J
T h e r e f o r e ,  n. . has i t s  l a r g e s t  v a lu e  a t  r  = a and i s  s m a l l e r  a t
r  = b and 0 < 65° .  I t  i s  minimum a t  r  = b and 0 >  65° .  The
s t r e s s e s ,  a s  b e f o r e ,  a r e  made d im e n s io n le s s  th rough  d i v i s i o n  by 
EoT^. S ince  n i s  a v a r i a b l e  th e  same time p a r a m e t e r ,  d e f in e d  i n  
Case A, canno t  e f f e c t i v e l y  be u sed .  The a c t u a l  t i m e ,  t h e r e f o r e ,  
i s  r e p l a c e d  by th e  t ime  p a ra m e te r  t  as d e f i n e d  by 
4n -3
t  = 1 0  t  EB (5 -4 )
P
The c o n s t a n t  n  ̂ was s e l e c t e d  t o  be 0 . 1  w h i le  n^ was v a r i e d  from 
2 to  5 .  F ig u r e  (5 -10 )  th ro u g h  (5 -18 )  show t h e  r e l a x a t i o n  o f  t h e
s t r e s s e s  and T f o r  d i f f e r e n t  v a l u e s  o f  n.  The same argument
as i n  Case A, can be made abou t  th e  s t r e s s  r e l a x a t i o n .  However, 
th e  e f f e c t  o f  t h e  v a r i a t i o n  o f  n i s  v e ry  c l e a r  on r e l a x a t i o n  o f  
t h e  t a n g e n t i a l  s t r e s s .  The v a l u e  o f  n a t  t h e  o u t e r  c y l i n d e r ,  r  = b
i s  n^ + n^ f o r  0 <  65° and n^ f o r  0 > 65° .  T h e r e f o r e ,  a l th o u g h
ctq has s m a l l e r  v a lu e  a t  r  <  65° ,  t h e  r a t e  o f  r e l a x a t i o n  i s  a lm os t  
un i fo rm  a t  t h i s  r a d i u s .
C -  I t  i s  assumed t h a t  t h e  i n s i d e  p r e s s u r e  i s  non ze ro .
T h e r e f o r e ,  th e  s t r e s s e s  due to  p r e s s u r e  a r e  p r e s e n t  i n  a d d i t i o n  to
the  th e rm a l  s t r e s s e s .  The pa ram ete r  n i s  assumed to  be independen t  
o f  t e m p e r a t u r e .
In  t h i s  c a s e ,  t h e  s t r e s s e s  i n  the  c y l i n d e r  a r e  th e  sum o f  
t h e  m ech an ica l  and th e rm a l  s t r e s s e s  where t h e  m ech an ica l  s t r e s s e s  
a r e  g iv e n  by [1 4 ]
The plots of stresses are given in Figure (5-19) for n = 2 and n = 3
I t  shou ld  be n o t i c e d  t h a t  th e  above s t r e s s e s  would no t  r e l a x  and
th e  c y l i n d e r  w i l l  c r e e p  under  c o n s t a n t  mechan ica l  s t r e s s  w h i le
t h e  th e rm a l  s t r e s s e s  r e l a x .  However, t h e  m echan ica l  s t r e s s e s  w i l l
a f f e c t  t h e  r e l a x a t i o n  t ime as the  e f f e c t i v e  s t r e s s  i s  a  f u n c t i o n
o f  t o t a l  s t r e s s e s .  T h e r e f o r e ,  a l t h o u g h  and would n o t  r e l a x
th e y  change the  c r e e p  r a t e  i n  t h e  c y l i n d e r .  For n = 2 th e  s t r e s s e s
a  , a  and t a r e  p l o t t e d  i n  F ig u r e s  (5 -2 0 )  th rough  ( 5 - 2 2 ) .  The y r
t a n g e n t i a l  s t r e s s  has  r e l a x e d  more a t  t h e  o u t e r  r a d i u s .  The r e a s o n  
i s  t h a t  CTq , F ig u r e  (5 -1 9 )  adds t o  t h e  th e rm a l  s t r e s s  on the  o u t e r  
boundary  and s u b t r a c t s  from i t  a t  t h e  i n n e r  boundary  and t h e r e f o r e  
t h e  c r e e p  r a t e  f o r  t h e  t a n g e n t i a l  s t r e s s  i s  l a r g e r  on the  o u t e r  
r a d i u s .  The r a d i a l  s t r e s s  has a  l a r g e r  r a t e  of  c r e e p  c l o s e r  to  
th e  i n n e r  r a d i u s  b ecau se  the  m echan ica l  s t r e s s ,  F ig u r e  ( 5 - 1 9 ) , adds 
t o  th e  th e rm a l  s t r e s s  (b o th  a r e  com press ive  a lo n g  t h e  r a d i u s ) .  The 
s h e a r i n g  s t r e s s  has a l s o  been  r e l a x e d  d i f f e r e n t l y  because  o f  the  
e f f e c t  o f  th e  m ech an ica l  s t r e s s e s  on th e  e f f e c t i v e  s t r e s s  and thus  
th e  r e l a x a t i o n  t im e .  For n = 3 ,  under  th e  same c o n d i t i o n ,  t h e s e  
e f f e c t s  a r e  pronounced even more. The p l o t s  f o r  n = 3 a r e  shown i n  
F ig u r e s  (5 -2 3 )  t o  ( 5 - 2 6 ) .
I t  I s  im p o r ta n t  t o  n o t i c e  t h a t  t h e  m a t e r i a l  c r e e p  c o n s t a n t  
B in  E qua t ion  (4 -6 8 )  has been in c lu d e d  i n  th e  t ime p a ra m e te r s  t ^ ,  
thus  the  r e s u l t s  g iv e n  i n  t h i s  c h a p t e r  a r e  g e n e r a l  i n  t h a t  r e s p e c t  
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F ig u r e  5 - 6 .  R e l a x a t i o n  o f  t h e  Shear ing  S t r e s s  f o r  C o n s ta n t  n = 3
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Figure 5-9. Relaxation of the Shearing Stress for Constant n = 5
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Figure 5-12. Relaxation of the Shearing Stress for Variahle n
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Figure 5-20. Relaxation of the Tangential Stress for Constant n = 2
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Figure 5-21. Relaxation of the Radial Stress for Constant n = 2 in the

















F ig u r e  5 -2 2 .  R e l a x a t i o n  o f  t h e  S hea r ing  S t r e s s  f o r  C o n s ta n t  n = 2 in  







Figure 5-23. Relaxation of the Tangential Stress for Constant n = 3 in
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Figure 5-24. Relaxation of the Radial Stress for Constant n = 3 in
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Figure 5-25. Relaxation of the Shearing Stress for Constant n = 3 in
the Presence of the Inside Pressure
D i s c u s s i o n
In  o r d e r  to  c a l c u l a t e  the  s t r e s s  r e l a x a t i o n  a computer program 
was w r i t t e n  based  on th e  n u m e r ic a l  method d e s c r i b e d  i n  C hap te r  IV.
As any o t h e r  p rob lem u s i n g  f i n i t e  d i f f e r e n c e  t e c h n i q u e  t h e  most 
im p o r t a n t  c r i t e r i o n  f o r  convergence  i s  the  s t e p  s i z e ,  b o th  i n  t h e  
d im ens ions  o f  th e  c e l l s  as  w e l l  as r e l a x a t i o n  t im e  s t e p .  I t  was 
r e a l i z e d  t h a t  i f  th e  i n i t i a l  v a lu e  o f  or. . was 0 .0 1  o r  l e s s  th e  
program had a  r e l a t i v e l y  f a s t  r a t e  o f  convergence  f o r  n = 2 t o  5.
For t h e  v a l u e s  o f  n g r e a t e r  t h a n  5 ,  t h e  i n i t i a l  v a lu e  o f  of. . 
has  t o  be even  s m a l l e r  t h a n  0 . 0 1 .  On t h e  o t h e r  hand f o r  s m a l l e r  
v a l u e s  o f  n t h e  i n i t i a l  v a l u e  o f  ar^  ̂ co u ld  be l a r g e r .  For example,  
t h e  f i r s t  s e t  o f  p l o t s  f o r  n = 2 ,  F ig u r e  (5 - 1 )  t o  (5 - 3 )  a r e  o b t a i n e d  
by t a k i n g  t h e  i n i t i a l  v a l u e  o f  a . . t o  be 0 . 1 .  The number o f  
i t e r a t i o n s  i n  most c a s e s  was abou t  30.
I n  w r i t i n g  th e  e q u i l i b r i u m  e q u a t i o n s  i n  t h e  f i n i t e  d i f f e r e n c e
form, as i t  was d e s c r i b e d  i n  C h ap te r  IV, an av erage  t e c h n i q u e  was
u s e d .  I t  i s  a l s o  p o s s i b l e  to  a r r a n g e  t h e  f i n i t e  d i f f e r e n c e  form
o f  t h e  e q u i l i b r i u m  e q u a t i o n s  d i f f e r e n t l y  b u t  i t  was n o t i c e d  t h a t
t h e  a v e r a g in g  t e c h n i q u e  has a  f a s t e r  r a t e  o f  co n v e rg en ce .  To o b t a i n
t h e  c r e e p  s t r e s s  r e l a x a t i o n s  i t  was mentioned t h a t  t h e  v a l u e s  o f
one o f  t h e  s t r e s s e s ,  a  , o r  r .  must be known. In  t h i s  work the* r  0
i n i t i a l  v a l u e  o f  CTg, o b t a i n e d  a n a l y t i c a l l y ,  was used  t o  c a l c u l a t e  
t h e  s t r e s s  r e l a x a t i o n s .  However, t h e  i n i t i a l  v a lu e  o f  e i t h e r  one 
o f  t h e  s t r e s s e s  c an  be s e l e c t e d  to  d e te r m in e  th e  c r e e p  r e l a x a t i o n  
o f  t h e  s t r e s s e s .  The b e s t  s e l e c t i o n  i s  e i t h e r  hav ing  t h e  i n i t i a l  
v a l u e  o f  <Jq o r  t , b e ca u se  i n  any o f  t h e s e  two c a s e s ,  the  second
e q u i l i b r i u m  e q u a t i o n  can  be used to  d e f i n e  t h e  o t h e r  one and th us  
by knowing a  and T th e  f i r s t  e q u i l i b r i u m  e q u a t i o n  can  be used to
n
f i n d  CTr . The advan tage  o f  u s i n g  th e  i n i t i a l  v a l u e  o f  to  c a l c u l a t e
t h e  r e l a x a t i o n  o f  t h e  s t r e s s e s  i s  t h a t  t h e  boundary  c o n d i t i o n s  o f
ct and T a r e  known, r
I n  C hap te r  I I ,  d i f f e r e n t  c o n s t i t u t i v e  e q u a t i o n s  o f  c r e e p  in  
s o l i d s  were d i s c u s s e d  b u t  f o r  t h i s  d i s s e r t a t i o n ,  E q u a t io n  (2 -24 )  
was a p p l i e d .  I t  shou ld  be no ted  t h a t  any o t h e r  type  o f  the  
c o n s t i t u t i v e  e q u a t i o n  o f  c r e e p  cou ld  be used  as w e l l .  The only  
d i f f e r e n c e  would be th e  form o f  E q u a t io n  ( 4 - 7 0 ) .  T h e r e f o r e ,  
c hoos ing  a c r e e p - s t r e s s  r e l a t i o n ,  one can  o b t a i n  the  c o r r e sp o n d in g  
r e l a x a t i o n  e q u a t i o n  and r e p l a c e  i t  w i th  E q u a t io n  ( 4 - 7 0 ) .
C o n s id e r i n g  E q u a t io n  ( 4 - 6 9 ) ,  one may c o n c lu d e  t h a t  when n i s  
l a r g e  th e  e f f e c t i v e  s t r e s s e s  r a i s e d  to  t h e  power (1 -n )  would become 
v e r y  s m a l l  numbers and thus  t h e  f o l l o w i n g  te rm
* ( l - n )  * ( l - n )CT -  CTO
canno t  be c a l c u l a t e d  a c c u r a t e l y .  The r e s u l t  o f  t h i s  in a c c u r a c y  i s  
an e r r o r  i n  th e  c a l c u l a t i o n  o f  t  and thus  e i t h e r  d iv e rg e n c e  or  
i n c o r r e c t  r e s u l t s .  To overcome t h i s  p rob lem ,  one can make the  
s t r e s s e s  d im e n s io n le s s  by d i v i d i n g  by a q u a n t i t y  which i s  o f  the  
same o rd e r  o f  th e  magnitude  as t h e  s t r e s s e s .  I n  t h i s  work,  t h e  
s t r e s s e s  a r e  d i v i d e d  by EoT^.
The th e rm a l  s t r e s s e s  and t h e r e f o r e  t h e i r  c r e e p  r e l a x a t i o n s ,  
c o r r e sp o n d i n g  t o  o t h e r  ty p es  o f  t h e  t e m p e r a t u r e  d i s t r i b u t i o n s  may 
be  r e a d i l y  o b t a in e d  by s u b s t i t u t i n g  t h e  p ro p e r  c o n s t a n t s  Bq and
in  E q u a t io n s  (4 -4 9 )  th rough  ( 4 - 5 2 ) .  In  Appendix A th e  s o l u t i o n  o f
o th e r  ty p e s  o f  te m p e ra tu re  d i s t r i b u t i o n  i s  g iv en  which th e
c o n s t a n t s  B and B- can  be o b ta in e d  w ith o u t  d i f f i c u l t y ,  o 1 '
CONCLUSION
T h ic k -w a l le d  c y l in d e r s  a r e  most o f t e n  used  in  i n d u s t r y  as 
p r e s s u r e  v e s s e l s  to  hold  h ig h  p r e s s u r e  mediums f o r  i n d u s t r i a l  
p u rp o s e s .  U s u a l ly ,  th e  w orking env ironm ent o f  t h e s e  v e s s e l s  i s  
accompanied by a th e rm a l  g r a d i e n t  which p ro d u ces  th e rm a l  s t r e s s e s .  
T h e r e f o r e ,  a p r e s s u r e  v e s s e l ,  i n  a w orking  c o n d i t i o n ,  may s ta n d  b o th  
m ech an ica l  and th e rm a l  s t r e s s e s .  The m ech an ica l  s t r e s s e s  due to  
i n s i d e  and o u t s id e  p r e s s u r e s  do n o t  r e l a x  and r e s u l t  i n  i n c r e a s i n g  
th e  r a d i u s  o f  th e  c y l in d e r  due to  c r e e p ,  w h ile  th e  th e rm a l  s t r e s s e s  
i n  the  c y l i n d e r  r e l a x  and d e c r e a s e .  C a l c u l a t i o n  o f  th e  s t r e s s  
r e l a x a t i o n  by a n a l y t i c a l  methods i s  u s u a l l y  in v o lv e d  in  h ig h ly  
n o n l in e a r  and c o m p lic a te d  p a r t i a l  d i f f e r e n t i a l  e q u a t io n s  which a 
c l a s s i c a l  s o l u t i o n  i s  n o t  always a v a i l a b l e .  The n u m e r ic a l  method 
d e s c r ib e d  i n  C h ap te r  IV i s  a g e n e r a l  and v e ry  s im p le  te c h n iq u e  which 
can  be a p p l ie d  t o  o b ta in  th e  c re e p  s t r e s s  r e l a x a t i o n  o f ,  no t on ly  
a c y l i n d r i c a l  p r e s s u r e  v e s s e l ,  b u t  any s t r u c t u r a l  member s u b je c te d  
t o  c re e p  r e l a x a t i o n .
In  t h i s  d i s s e r t a t i o n ,  a t t e n t i o n  has been  p a id  to  th e  s t r e s s  
r e l a x a t i o n  o f  a th i c k - w a l l e d  c y l in d e r  o f  nonax isym m etr ic  te m p e ra tu re  
d i s t r i b u t i o n .  T h is  can  be caused  by a  nonunifo rm  th e rm a l  env ironm ent 
o f  a  p r e s s u r e  v e s s e l  which may be approx im ated  by one o f  th e  d i f f e r e n t  
th e rm a l  boundary  c o n d i t io n s  d e s c r ib e d  in  Appendix A. In  t h i s  c a s e ,  
th e  m a t e r i a l  o f  t h i s  d i s s e r t a t i o n  can  be d i r e c t l y  a p p l ie d  to  d e te rm in e  
th e  c re e p  r e l a x a t i o n  o f  th e  th e rm a l  s t r e s s e s  by s e l e c t i n g  th e  
c o r re sp o n d in g  c o n s t a n t s  i n  th e  te m p e ra tu re  e q u a t io n .
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a p p e n d i x a
T em pera ture  d i s t r i b u t i o n  in  a t h i c k - w a l l e d  c y l i n d e r  su b ­
j e c t e d  to  asym m etric  th e rm a l  boundary  c o n d i t io n s  was d is c u s s e d  
in  C h ap te r  I I I .  I n  t h i s  s e c t i o n  s e v e r a l  o th e r  ty p e s  o f  boundary 
c o n d i t io n s  a r e  d i s c u s s e d  and t h e i r  c o r re sp o n d in g  te m p e ra tu re  
d i s t r i b u t i o n  a r e  o b ta in e d .  I n  a l l  c a s e s  th e  i n s i d e  te m p e ra tu re  
i s  assumed t o  be c o n s t a n t ,  T^, t h e r e f o r e  th e  f i r s t  t h r e e  boundary 
c o n d i t io n s  a r e  th e  same as  th o s e  g iv e n  in  E q u a t io n  (3 -1 1 )  th ro u g h  
( 3 - 1 3 ) .
Case I I I :  T em pera tu re  d i s t r i b u t i o n ,  a t  th e  o u t e r  boundary ,
r  = b ,  i s  g iv e n  a s  shown in  F ig u re  A - l .
S t a r t i n g  w i th  E q u a t io n  (3 -2 6 )  and e v a l u a t i n g  i t  a t  r  = b ,  
one has
00
9 ( b ,9 )  = Bo L o g | +  Y  An[ ( | ) n - ( | )  " ] c o S rfP (A -l)
n = l
N o rm a liz in g  th e  above e q u a t io n  and o b t a in in g  th e  F o u r i e r  e x p an s io n  
o f  th e  s t e p  f u n c t io n  s i m i l a r  t o  th e  n o rm a liz e d  e q u a t io n  one o b ta in s
eeb.qO-Oj t 4 “ l
0 - 9 ,  2 ~ 2 /  2 Cos (A- 2 )
2 1 ”  n= 1 ,3  , 5 n
Comparison o f  E q u a t io n  (A - l )  and (A-2) le a d s  to  
%(Ti+ T2) - T q
(A-3)
B = *> O t  DLog -  a




S u b s t i t u t i o n  o f  c o n s t a n t s  Bq and i n to  E q u a tio n  (3 -2 6 )  g iv e s
th e  e q u a t io n  o f  te m p e ra tu re  d i s t r i b u t i o n  fo r  t h i s  boundary c o n d i t io n .
% ( T ,+ T  )  -  T n 4 <T - T  )  "
T ( r , c p >  -  T .  +  — i - 2 - - - - - - - = L o g  £  .  _ J _ L  ^  A .
Log — rr n c n& a n= 1 ,3 ,5
/  \ ti / . “ ii
W  W  Cos ncp (A-4)
©n - ef
Case IV: The r a t e  o f  h e a t  f l u x  a t  r  = b ,  i s  g iv e n  as  in
F ig u re  (A-2 ) .
E v a lu a t io n  o f  E q u a t io n  (3 -3 3 )  a t  r  = b g iv e s
v - ' v -  i ^ [ ( r l + © ' n ' W  < - >
n=l
N o rm aliz in g  th e  above e q u a t io n  and expanding  i t  by F o u r ie r  s e r i e s  
one o b ta in s
_  k d9..(b ?cp) _ q ®
------------ —-----------  = % - Cos ncp (A -6)q0 - q, 2 /1, 2 TM2 1 tt , „ _ nn = l , 3 ,5
A com parison  o f E q u a t io n s  (A -6) and (A-5) y i e l d s
b_
2k [ q l  +  q2 .
(A-7)
4(q  -  q )b
A =n , 2 3  /t \ n  /LV- nk n  n © + (!)
When th e se  re.sul.Ls ;ire s u b s t i t u t e d  in to  E q u a t io n  (3 -2 6 )  th e  
fo l lo w in g  r e l a t i o n  f o r  te m p e ra tu re  d i s t r i b u t i o n  in  a c y l in d e r  
r e s u l t s .
b r  1 r  ^ (q  -q  )b ,
T ( r  ,q>) -  T. -  Log |  + J 2 ^  -
lm n - 1 .3 ,5  n
, . n . „ - n  
- (“ )
Cos ncp (A -8)
0  +S)
Case V: T em pera tu re  a t  th e  o u te r  boundary  r  = b ,  i s  as shown
in  F ig u re  (A-3 ) .
N o rm a liz in g  th e  te m p e ra tu re  a t  r  = b , E q u a t io n  ( A - l ) ,  and th e n  
expand ing  by F o u r ie r  s e r i e s  r e s u l t s  in
0(b,cp) - 0
v U1 _ , H z l \  2 -  J_
e 2 - e l  T , ; + n 2 /  T > g x  L 2
\  vs J n=l
^ ( - l ) n Cos n(rr-(3) -  lJCos ncp (A-9)
Comparing E q u a t io n  (A-9) w i th  ( 3 - 2 7 ) ,  one can  o b t a in  th e  c o n s t a n t
S u b s t i t u t i n g  the  v a lu e s  of the  c o n s ta n t s  B and A from E q u a t io no n
(A -10) i n t o  E q u a t io n  (3 -2 6 )  one o b ta in s  th e  e q u a t io n  f o r  te m p e ra tu re  
d i s t r i b u t i o n
<T2- T i )  -  I ;  ( W  r  2 (t 2- t ^)
00
T ( r , c p ) = T .  + ------------   g-------------- L o g - +  ^  ^
Log a n - l
( - l ) nCos n (n -p )  - l ]
n , N- n  r
n2 / b \ n / b ' - 1
x ■ Cos ncp (A- 11)
a /  \ a
Case VI: The r a t e  o f  h e a t  f lu x  a t  r  = b ,  i s  shown in  F ig u re
(A-4 ) .
N o rm aliz in g  th e  r a t e  o f  h e a t  f lu x  a t  r  = b ,  E q u a tio n  (A -5 ) ,  
and th e n  expand ing  i t  by F o u r ie r  S e r i e s  one o b ta in s
_ k  a-6,(k ^ P l _ q
-----------1 -  - i) + l h  [ ( - D nCos n<TT-P> - l ] c o s  rq>
Z 1 i  ^n=l
(A -12)
Comparing E q u a t io n  (A -12) and (3 -3 4 )  g iv e s
(q 2" q l> " q 2B = — ------------------    bo k
(A- 13)
2(q0-q1) , ,̂ n
xer+©'
A -  - Z- ( - 1 )  Cos n (TT-P) -  1
n nPkn3 / b ' n_1 n_1
S u b s t i t u t i o n  o f  Bq and An i n t o  E q u a tio n  (3 -2 6 )  g iv e s  th e  te m p e ra tu re  
d i s t r i b u t i o n  fo r  a  c y l i n d e r  s u b je c te d  to  the  th e rm a l boundary c o n d i­
t i o n s  g iv e n  in  F ig u re  (A-4) and by E q u a t io n  (3 -1 1 )  th ro u g h  (3 -1 3 )
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3 ,  ,
2 n ^ 2 ”q l^ ~^2 rT(r,cp) = T. + —  - \  -----£  b .L o g |




V ( “ l ) nCos n ( T T - 3 ) - l ) l  Cos
(!) +(!)'
ncp (A -14)
Case V II :  Tem pera ture  a t  r  = b i s  a s  shown in  F ig u re  (A - 5 ) .
N o rm a liz a t io n  o f  te m p e ra tu re  a t  r  = b ,  and th e n  i t s  ex p an s io n  
by F o u r ie r  S e r i e s  g iv e s
e (b >9)“91 i
v ei 2 2TT
uu
4  V  1
 2]3T ) ~  ^os n3 ^os ncP
( 1_ n= 1^3,5  n
(A -15)
Comparing E q u a t io n  (A-15) w i th  (3 -27) y i e l d s
T + T -2 T .




t t O T - 2 3 )  2 r / b N n _ / b ' _ n - ’
Cos n3
-  [(!) -©
S u b s t i t u t i n g  th e  v a lu e s  o f  Bq and A^ i n to  E q u a t io n  (3 -2 6 )  g iv e s
T„+ T -2T. 
T (r ,tp )  = T. + -------- l r — iLog-E
Log £•
a





/ v n / v "n[L \  _{L\
\a  J \a j  
n ' -n Cos n9 (A-17)
(!)-(!
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Case V I I I :  The r a t e  o f  h e a t  f l u x  a t  r  = b i s  as  shown in
F ig u r e ( A - 6 ) .
N o rm aliz in g  th e  r a t e  o f  h e a t  f l u x  a t  r  = b and expand ing  i t  
by F o u r ie r  S e r i e s ,  g iv e s
 ----------- = 7  " rr/VrSoT " T  C° S nP C° S nCP (A-18)q 2- q x 2 rr(n-2p) ^ ^ 5  „2
A com parison  o f  E q u a t io n s  (A-18) and (3 -3 4 )  y i e l d s
B =
°  2kb (A-19)
4 <‘"2-'l l )a  Cos nfiA = -----------
n  T T ( T r - 2 3 ) k  a p / b x 11" 1 / b ' " n " 1-3[© +© ]
S u b s t i t u t i n g  th e  v a lu e s  o f  B and A i n t o  E q u a t io n  (3 -26 )  g iv e so n
00
TX/ rn\ _ ~(q l + q 2) r  4 ( q 2~q l )b  y Cos nP T(r,<P) = 2fcb Log a  +  k n ( n . 2p) n=A 3j5  ^
. n y v _nr \  /r^





F ig u re  A - l
2tt 9
Figure A-2. Thermal Boundary Condition at r = b
e ( b , c p )
2tt-0 2 tt
F ig u re  A-3
2n2tt-P





F ig u re  A-5
_k 59 (b ,cp)
2TT-0 2tt
Figure A-6. Thermal Boundary Condition at r = b
APPENDIX B
Computer Flow C h a r t
The flow  c h a r t  o f  th e  com puter program , m entioned  in  C h ap te r  V, 
i s  g iv en  i n  t h i s  s e c t i o n .  In  th e  f o l lo w in g ,  a l i s t  o f  th e  name used  
i n  th e  program and t h e i r  d e f i n i t i o n  a r e  g iv e n .  The program i s  w r i t t e n  
i n  FORTRAN IV la n g u a g e .
NAME USAGE
AL = a
ALF = o', th e  c o e f f i c i e n t  o f  th e rm a l  e x p an s io n
AN = c re e p  p a ram ete r  n used  i n  E q u a t io n  (2 -2 4 )
AN1 = see  E q u a tio n  (5 -3 )
AN2 = see  E q u a t io n  (5 -3 )
BET = TT -  3
Cl = B^ in  E q u a t io n  (4 -1 4 )
C0F1 = a c o n s t a n t  to  make the  s t r e s s e s  d im e n s io n le s s
CZ = Bq i n  E q u a t io n  (4 -1 4 )
DR = r a d i a l  inc rem en t
DT = t a n g e n t i a l  inc rem en t
E = Young's  modulus o f  e l a s t i c i t y
EFS = e f f e c t i v e  s t r e s s
EFSZ = i n i t i a l  e f f e c t i v e  s t r e s s
EPS = a sm a l l  number f o r  th e  co n vergence  c o n s i d e r a t io n s
G = e s t im a te d  number o f  i t e r a t i o n s  f o r  convergence
H = th e  d e s i r e d  number o f  th e  te rm s in  te m p e ra tu re  e q u a t io n  ( f o r
th e  c o n ce rn in g  problem  H = 50 was c o n s id e re d )
M = number of nodal points in the radial direction
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NAME USAGE
N = number o f  n o d a l  p o in t s  in  th e  t a n g e n t i a l  d i r e c t i o n
PI = 3.1416
R = r a d i a l  v a r i a b l e  in  c y l i n d r i c a l  c o o r d in a te
RA = i n s i d e  r a d iu s
RB = o u t s id e  r a d i u s
SET = i n i t i a l  v a lu e  f o r  a .  .
SR = r e la x e d  r a d i a l  s t r e s s
SRN = dummy v a r i a b l e
SRZ = i n i t i a l  r a d i a l  s t r e s s  a t  th e  b e g in n in g  o f  a  tim e s te p
SS = r e la x e d  s h e a r in g  s t r e s s
SSN = dummy v a r i a b l e
SSZ = i n i t i a l  s h e a r in g  s t r e s s  a t  th e  b e g in n in g  o f  a tim e s te p
ST = r e l a x e d  t a n g e n t i a l  s t r e s s
STZ = i n i t i a l  t a n g e n t i a l  s t r e s s  a t  th e  b e g in n in g  o f  a tim e s te p
SZ = r e la x e d  a x i a l  s t r e s s
SZZ = i n i t i a l  a x i a l  s t r e s s  a t  th e  b e g in n in g  o f  a tim e s te p
T = te m p e ra tu re
TET = t a n g e n t i a l  v a r i a b l e  in  c y l i n d r i c a l  c o o rd in a te
TIME = r e l a x a t i o n  tim e s te p





READ AND WRITE DATA 
M & N
T/ 1 ,T / 2,T3,RA,RB,BET
p a , pb
EPS, SET,H,G 
E,ALF,V,AN1,AN2
CALCULATE THE CELL DIMENSIONS
EM=M
EN=N
DR= (RB-RA) /  (EM- 1. ) 
DT=PI/(EN-1.)







[t e m p e r a t u r e c a l c u l a t i o n
 _______________________
CZ=(BET*(T/ 2-T/ 1)/PI4-t '  1 ) / AL0G(RB/RA)
D085I=1,M
D085J=1,N
T ( I , J)=CZ*AL0G(R( I ) /RA)
EN=1.





T ( I ,J )= T ( I , j )+ S U M  
EN=EN+1*
IF(EN.LT.H)G0T08O 
T ( I , J ) = T ( I , J)+T3
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[ i n i t i a l  stress  calculation




C1=2.*RAS*SIN(BET)*(t ' 2 - t '1 ) / ( P I * ( 1 . - R A S ) )  
C0F1=E*ALF*ABS(t '  2 -t ' 1)
MAKING THE STRESSES DIMENSIONLESS AND CALCULATING A N (I,J )
D095I=1,M
D095J=1,N
S T Z (I , J )= S T Z (I , J ) /C 0F 1  
S R Z (I ,J )= S R Z (I ,J ) /C 0 F 1  
S S Z (I ,J )= S S Z (I ,J ) /C 0 F 1  
A N (I,J )= A N 1+ A N 2*(T (I,J )-T 2)/(T 1-T 2)
COMPUTE THE INITIAL THERMAL STRESSES
D09OI=1,M
D09OJ=1,N
R S (I)= R (I)* * 2
S IT = . 5*AKF*E*CZ*(RBS*(RS( I)+RAS) *AL0G(RB/RA)/  
(RS(I)*(RBS-RA S))-A L0G(R(I)/RA )-1.)
S 2T=. 5*AKF*E*R( I ) * ( 3 . - (RAS+RBS) /RS( I ) -RAS*RBS/
(RS( I ) *RS( I ) ) ) *C1*COS(TET( J ) ) / (RAS4RBS) 
STZ(I,J)=S1T+S2T
S1R=. 5*AKF*E*CZ*(RB S*(RS( I ) - RAS) / (RS( I ) * (RB S-RAS) ) *  
AL 0G(RB/RA)- ALOG(R( I ) /RA)) 
S2R=.5*A K F*E*R(I)*(1 .-RA S/RS(I))*(1 .-RBS/RS(I))*C1* 
C 0S(TET(J ) ) / (RAS+RBS)
SRZ(I,J)=S1R+S2R
S S Z (I ,J )= .5*A K F *E *R (I)* (1 .-R A S /R S (I))* (1 .-R B S /R S (I))  
*C1*SIN(TET( J ) ) / (RAS+RBS)
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S Z Z (I ,J )= S R Z (I ,J )+ S T Z (I ,J )
E F S Z ( I ,J )= S Q R T (( (S R Z (I ,J ) -S T Z (I ,J ) )* * 2 + (S T Z (I ,J ) -S Z Z (I ,J ) )* * 2
+ ( S Z Z ( I , J ) - S R Z ( I , J ) ) * * 2 + 6 .* ( S S Z ( I , J ) * * 2 ) ) /2 . )






CALCULATION OF STRESS RELAXATION




S R (I , J ) = 0 .
S S ( I , J ) = 0 .
S T ( I , J )= S T Z (I , J ) * ( l . - A L ( I , J ) )
.210 >
SET THE BOUNDARY CONDITIONS FOR S S ( I , J )
D02O5J=1,M
S S ( I , 1)=SSN (I, 1 )= 0 .
SS (I ,N )= S SN (I ,N )= 0 .
D021OJ=1,N





Compute SS from th e  
Second E q u i l ib r iu m  






DSS=-2. *D R *(SS(I-1 , J ) + S S ( I , J ) ) / (R (I -1 )+ R (I) ) -D R *
( S T ( I - 1 , J + 1 ) - S T ( I - 1 , J - 1 ) + S T ( I , J + 1 ) - S T ( I , J - 1 ) ) / (DT* 
( R ( I - 1 ) + R ( I ) ) * 2 . )
SSN (I, J ) = S S ( I - 1 , J)+DSS
TEST1=AMAX1(TEST1,ABS(SSN(I,J)-SS(I,J)))
D022OI=1,M 
r — — - I D022OJ=1,N 





SET THE BOUNDARY CONDITIONS FOR SR (T ,J)
D0235J=1,N
SR ( 1 , J ) =SRN( 1 , J )=0.
SR(M, J)=SRN(M, J ) = 0 .235
Compute SR from th e  f i r s t  







DSR=-DR*(SR(I- 1, J )+ S R (I ,  J ) ) / ( R ( I -  1)+R(I))+DR* 
(ST ( I -  1, J)+ST ( I , J ) ) / ( R ( I -  1 )+ R (I ))
SRN(I, J ) = S R ( I - 1 ,J)+DSR
DSR=-DR*(SS(I-1 , J + 1 ) - S S ( I - 1 , J - 1 ) + S S ( I , J + 1 ) - S S ( I , J - 1 ) ) /
( D T * ( R ( I - 1 ) + R ( I ) ) * 2 . ) - D R * ( S R ( I - 1 ,J ) + S R ( I , J ) ) / ( R ( I - 1 ) + R ( I ) )  
+DR*(ST(I-1 , J ) + S T ( I , J ) ) / ( R ( I - 1 ) + R ( I ) )






S Z ( I , J ) = S R ( I , J ) + S T ( I , J )
E F S (I , J)=SQRT(( ( S R ( I , J ) - S T ( I , J ) ) * * 2 + ( S T ( I , J ) - S Z ( I , J )* * 2  






S R ( I , J )= S R N (I, J )
CALCULATION OF THE RELAXED TIME STEP
TEST2=AMAX1(TEST2,ABS(SRN(I,J)-SR(I, J ) ) )
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T I M E (I ,J )= 2 .* (1 .+ V ) * (E F S Z ( I ,J ) * * (1 . -A N (I ,J ) ) -E F S ( I ,J )
* * ( l . - A N ( I , J ) ) ) * ( C 0 F l * * ( l . - A N ( I , J ) ) ) / ( 3 . *
( 1 ,-A N (I , J ) ) )
T I M E ( I ,J )= 2 .* (1 .+ V ) * (E F S Z ( I ,J ) * * (1 . -A N (I ,J ) ) -E F S ( I ,J )
* * ( 1 . - A N ( I , J ) ) ) / ( 3 . * ( 1 . - A N ( I , J ) ) )
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S R Z ( I ,J )= S R (I ,J )  
S T Z ( I , J ) = S T ( I , J )  
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